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SURFACES 



SERGIY MAKSYMENKO 

Abstract. Let M be a smooth connected compact surface, P 
be either the real line R or the circle S 1 , and / : M — > P be a 
smooth mapping. In a previous series of papers for the case when 
/ is a Morse map the author calculated the homotopy types of 
stabilizers and orbits of / with respect to the right action of the 
diffeomorphisms group of M. The present paper extends those 
calculations to a large class of maps M — > P with degenerate 
singularities satisfying certain set of axioms. 



1. Introduction 

Let M be a smooth compact connected surface and P be either the 
real line K or the circle S 1 . Then the group T>(M) of diffeomorphisms of 
M naturally acts from the right on the space C°°(M, P) by the formula: 

h-f = foh, heV(M), feC°°(M,P). 

This action is one of the main objects in singularities theory. For the 
case of surfaces it was extensively studied in recent years, see e.g. (31 

El EH ED E21 El ESI ESI EH ESI ED EH] • 

For / e C°°(M, P) let be the set of critical points of / and 
0(f) = {foh\heV(M)}, 

S(f) = {h\f = foh, heV(M)} 

be respectively the orbit and the stabilizer of /. We will endow T>(M) 
and C°°(M,P) with the corresponding topologies C°°. Then these 
topologies induce certain topologies on 0(f) and S(f). Let V-^(M) 
and Sid(f) be the identity path-component of V(M) and S(f), and 
Of(f) the path-component of / in O(f) with respect to topologies C°°. 

In [HI [19] the author calculated the homotopy types of Sa(f) and 
Of(f) for all Morse maps / : M — > P. These calculations are essen- 
tially based on the description of homotopy types of groups of orbits 
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preserving diffeomorphisms for certain classes of vector fields obtained 
in [IH1 [21] ■ In a series of papers [TTJ [221 [2H [22] the classes of vector 
fields were extended and using these results it was then announced in 
[2T] that calculations of [HI [19] can be done for a large class of smooth 
maps M — > P with isolated "homogeneous" singularities. 

The aim of this paper is to show that the technique used in [HI [19] 
can be formalized and thus extended to classes of isolated singularities 
even larger than homogeneous ones, see Theorems 15.11 and !5.2[ 

We will introduce three types of isolated critical points S, P, and 
N for a germ of smooth maps / : M — ► P. These points will be 
discussed in §@] and now we only note that S-points are saddles while 
P- and N-points are local extremes^. All these points can be degenerate 
however they satisfy certain "non-degeneracy" conditions formulated in 
the terms of shift map of the corresponding local Hamiltonian vector 
field of /. In particular, class of S-points (P-points) have properties 
similar to non-degenerate saddles (local extremes) of Morse functions 
and include such points, while N-points behave like degenerate local 
extremes of homogeneous polynomials, see Lemma These N-points 
bring new effects in comparison with Morse functions. 

Now we put following three axioms on /: 

Axiom (Al). / is constant at each connected component of dM 
and E f C IntM. 

Axiom (A2). Every critical point of f is either an S- or a P- or 
an H-point. 

Axiom (A3). The natural map p : T>(M) — ► 0(f) defined by 
p(h) — f o h~ l is a Serre fibration with fiber S(f) in the corresponding 
topologies C°° . 

The following theorem describes the homotopy types of Sa(f) and 
Of(f) for a generic situation. Detailed formulations are given in The- 
orems 15.11 and 15.21 below. 

Theorem 1.1. Suppose f satisfies axioms (Al)-(A3) and has at least 
one S-point. Let also n be the total number of critical points of f . Then 
$id(f) is contractible, Of(f) is weakly homotopy equivalent to a CW- 
complex of dimension < 2n — 1. Moreover, 7TiOf(f) = HiM for i > 3, 
7r 20f(f) = 0, and for iriOf(f) we have the following exact sequence: 

1 -> 7TiZ>(M) © Z k -> 7T\ Of (f) -> Q -> 1, 

where Q is a certain finite group and k > 0. 



The symbols P and N stand for periodicity and non-periodicity of shift map. 
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1.2. Structure of the paper. The exposition of the paper follows 
the line of [IB]. The principal new feature of the paper is that we con- 
sider N-points. This requires additional arguments almost everywhere, 
therefore in many places we repeat the arguments of [18] with necessary 
modifications. 

In §[2] we recall some results concerning the shift map along the or- 
bits of vector fields. $3] describes two constructions related to a smooth 
function / on a surface: foliation Af by connected components of level- 
sets of / and the Kronrod-Reeb graph r(/) of /. In §Hwe introduce 
three types of critical points S, P, and N. Further in §5] we formulate 
main results of the paper Theorems 15. II and !5.2l and also discuss suffi- 
ciant conditions for axiom (A3) . In §§S] we put on the Kronrod-Reeb 
graph of / additional data which describe combinatorial behavior of 
diffeomorphisms h G S(f) near N-points. £J7] contains the proof of The- 
orems [5J3 The proof follows the line of [TBI Th. 1.3]. The rest of the 
paper is devoted to the proof of Theorem 15. 21 

Remark 1.3. I must warn the reader that the paper [18j contains the 
following "dangerous" places which are also corrected in the present 
and in previous papers by the author. 

1) The calculation of homotopy types of stabilizers given in [TSJ 
Th. 1.3] is essentially based on the principal result of another paper 
of mine [TB] which unfortunately contains some mistakes. The correc- 
tions to [in] are given in [221 121]) where it is also shown that for the 
case described in [TB] the results of [H] holds true, see Theorem 12. 121 
Thus [TBI Th. 1.3] remains valid, 

2) [TBI Eq. (8,6)] is not true in general, see Remark 13.61 and Exam- 
ple [321 for details. This changes the meaning of the group G in [HI 
Th. 1.5]: it remains finite however now it is a group of automorphisms 
of a more complicated object than the Kronrod-Reeb graph of /, which 
takes to account orientations of level-sets of /, see §6.61 A correct for- 
mulation of [JSJ Eq. (8,6)] is given in Lemma 16.101 

3) In the proof of [TBT Th. 1.5] it was claimed without explanations 
that a certain central extension of TiiD-^M) with a free abelian group 
Jq is just a direct sum. In general, central extensions of abelian 
groups even with free abelian groups are not trivial. We will show 
in Theorem 18. II that in our case that extension is trivial. 

1.4. Notations. If M is a non-orientable surface, then p : M — > M 
will always denote the oriented double covering of M and £ : M — > M 
be a C°° involution generating the group Z 2 of deck transformations. 
For a function / : M — > P we put / = po f : M — > P. 
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2. Shift maps along orbits of flows 

2.1. r-homotopies. Let M,N be smooth manifolds and < r < oo. 
Say that a map Q : M x / — > N is an r-homotopy if the corresponding 
map uj : / — > C r (M,N) defined by cu(t)(:E) = is continuous 
from the standard topology of / to the weak topology C r of C r (M, N). 
In other words, all partial derivatives of fl in x G M up to order r 
continuously depends on t G /. If in addition Q t : M — > N is an 
embedding for every t G /, then f2 will be called an r-isotopy, see |20j . 

Thus a usual homotopy is a 0-homotopy. Moreover, every C r -map 
M x / — > N is an r-homotopy, but not wise verse. 

2.2. Local flow. Let F be a smooth vector field on a smooth manifold 
M tangent to dM. Then for every x G M its integral trajectory with 
respect to F is a unique mapping o x : R D (a x ., b x ) — > M such that 
Occ(0) = x and d x = F(o x ), where (a x ,b x ) C R is the maximal interval 
on which a map with the previous two properties can be defined. Then 
the following set dom(F) = U x x (a x , b x ), is an open neighbourhood 

of M x in M x R, and the /oca/ flow of F is defined by 

F : M x R D dom(F) — ► M, P(a;,t) = Oa.(t). 

If M is compact, then F is defined on all of M x R, e.g. [29]. The set 
of zeros of F will be denoted by Hp. 

2.3. Shift map. Let V C M be a submanifold (possibly with bound- 
ary or even with corners) such that dimV^ = dimM. Denote by 
func(F, V) the subset of C°°(V, R) consisting of functions a whose graph 
T a = {(x,a(x)) : x G V} is included in dom(F). Then we can define 
the following map: 

(2.1) <p(a)(x)=F(x,a(x)), a G func(F, V), x EV. 

We will call if the shift map along orbits of F on V and denote its 
image in C°°(V, M) by Sh(F, V). 

Definition 2.4. Let h : V — > M be a smooth map, V C V a subman- 
ifold and a : V — > R a smooth function. We will say that a is a shift 
function for h on V if h(x) = F(x, a(x)) for all x G V . 

2.5. Shift map at a singular point. Let z G V fl Hp. Denote by 
T>(F, z) the space of at z germs of orbit preserving diffeomorphisms 
h : (M,z) — > (M,z). Thus if h is defined on some neighbourhood W 
of z, then h(W fl o) C o for every orbit o of F. 
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Let also C£°(M) be the space of germs of C°° functions a : M — > R 
at z. Since z is a singular point for F we have a well-defined shift map 

& : Cf{M) -> P(F», &(a)(x) = F(x,a(x)). 

Denote by Sh(F, z) C ^(-F 1 , 2;) the image of <^ z . Then Sh(F, z) is a 
subgroup of V(F,z), see [HI Eqs. (8), (9)] or [23J, Lm. 3.1]. 

There is a natural homomorphism J z (h) : T>(F,z) — > Aut(T 2 M) 
associating to each ft, G X^-F, 2) the corresponding linear automorphism 
T 2 ft of the tangent space at z. 

Choose local coordinates (xi, . . . , sc n ) at z. Then we can regard J 2 
as a map J 2 : T>(F,z) — > GL(n, R) associating to each ft G T>(F,z) its 
Jacobi matrix at z. 

Let also F = (F\, . . . , F n ) be the coordinate functions of F. Then 
the following matrix 



(2.2) VF(z) 



dxi ' 9z n ' 
8Fnr \ 9Fn, . 



will be called the linear part of F 1 at z. 

It is easy to show, [23] Lm. 5.3], that if a G C°°(V, R) then J z (<p v (a)) = 
Jz(F a{z) ) = e VF W-*, whence 

(2.3) J z (Sh(F, z)) = J z ({F t } tm ) = {e Vi ^}, eK . 

2.6. Kernel of shift map. The set ker(<pv) = f'v'iiv) w ^ ^ e ca Ued 
the kernel of <pv It consists of all C°° functions a : V — > R such that 
F(x, a(x)) = a; for all x E V. 

Lemma 2.7. [16] Let a, (3 G func(F, V) . Tften yy(a) = yv(/3) ijff 
a-/?G ker(<y9y). In oifter words 

F(x,a(x)) = F(x,(3(x)) <^ F(x, «(x) — /3(x)) = x. 

Suppose V is connected and the set of singular points of F is 
nowhere dense in V. Then one of the following conditions holds true: 

Nonperiodic case: ker(<£v) = {0} andipv '■ func(F, V) — > Sh(F, V) 
is a bisection. This holds for instance if F has at least one non-closed 
orbit, or for some singular point z of F the linear part of F at z van- 
ishes, i.e. V-F(z) = 0; or 

Periodic case: ker(<£y) = {n6} ne z for some C°° strictly positive 
function 9 : V — > (0, +00). In this case 

• every i6^\Ep is periodic so func(F, V) = C°°(V, R), 

• there exists an open and everywhere dense subset Q C V \T,p 
such that 9{x) = Per(x) for all x G Q; 
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• ify 1 o <fy(a) = {a + nQ} for every a G C°°(V, R). 

Let E(F, V) be the subset of C°°(V, M) consisting of maps h : V -»• M 
such that 

(i) h(uj) C uj for every orbit uj of F; 

(ii) h is a local diffeomorphism at each singular points of F. 

Let also V(F,V) be the subset of £(F, V) consisting of immersions 
V -> M. 

For < r < oo denote by £ id (F,V) r (resp. D id (F,y) r ) the path 
component of the identity inclusion iy : V" C M in £{ d (F, V) r (resp. 
2\i(F, V) r ) with respect to the topology C r . It consists of maps h G 
£id(F, V) r (resp. ft, G £>id(F, V) r ) which are r-homotopic to iy in 
£(F,F) (resp. V{F,V)). 

If V = M, we will omit V from notations. Moreover, we will also 
often omit superscript oo and denote £{ d (F, V)°° and V id (F, V)°° simply 
by£ id (F,V) andV id (F,V). 

Lemma 2.8. Let H t : V x I — > M be an r-homotopy such that 

H = iy and H t G £(F, V). Then there exists a unique r-homotopy 
A : (V \ E F ) x I -> R suc/i ffra* A = 0, A t : V \ S F -> R C°° ; and 
F t (x) = F(x, A t (x)) for all x eV\Y, F and tel. 

In particular, for every h G £id(F, V)° there exists a smooth shift 
function on V \ Hp. 

For a G func(F, V) and z G V we will denote by F(a) the Lie 
derivative of a along F at z. Then, [161 Theorem 19], <fv(a) is a local 
diffeomorphism at z iff F(a;)(z) ^ — 1. Put 

(2.4) r+ = {a G func(F, 7) : F(a) > -1}. 

Evidently, Ty is S 1 -open and convex subset of func(F, V). It also follows 
from [16j Theorem 25] that 

(2.5) T+ = (p~ 1 ('Di A (F,V) 00 ). 
Lemma 2.9. [20] The following inclusions hold true: 

Sh{F, V) c £ id {F, c • • • c £ id {F, V) r c---C £ id {F, V)°, 

M^y) C Ad(F, 7)°° C • • • C V id (F, V) r C---C V id (F, vf. 
If Sh{F, V) = £ id (F, V) r for some r>0, then (fy{T+) = V id {F, V) r . 

2.10. Openness of shift map. We recall here the principal results 
obtained in |24j . see Theorem 12.121 below. A subset V C M will be 
called a D-submanifold, if V is a connected submanifold with boundary 
(possibly with corners) of M and dimV" = dimM. We will also say 
that V is a D -neighbourhood for each z G IntV. 
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Lemma 2.11. Endow func(F, V) and Sh(F, V) with topologies C°° . If 
Sffiy = then the shift map ipy is locally injective, whence the 
following conditions are equivalent: 

(1) ipy '■ func(F, V) — > Sh(F, V) is an open map. 

(2) ify : func(F, V) — > Sh(F, V) is a local homeomorphism. 

Suppose these conditions hold true. Consider the restriction 

if V \ v + : T v <f>v(Fv)- 

If (fv is non- periodic, then ipy and (py\ T + are homeomorphisms 
onto their images. In particular, Sh(F,V) and tpv(Ty) are contractible. 

Suppose ify is periodic. Then the maps ipy and ipv\r+ are ^' 
covering maps onto their images, and Sh(F,V) and (py(Ty) are ho- 
motopy equivalent to the circle S 1 . 

We will be interesting in establishing (1) and (2) of Lemma \2. Ill for 
the shift map <p, i.e. for the case V = M. It is convenient to formulate 
this as the following condition. 

(Z) The shift map (p : C°°(M, R) — > Sh(F) is a local homeomor- 
phism with respect to topologies C°° . 

We will now recall sufficient conditions for (Z) obtained in [24J. 
Let V be a compact D-submanifold, and U be an open neighbour- 
hood of V. Then the restriction F\u of F to U generates a local flow 

F v : U x R D dom(F a ) — ► U. 

The corresponding shift map of F\u will be denoted by ipu,v- Thus 

ifuy.^c^u.V) ^ Sh{F\ V) V). 

Let us introduce the following conditions for V and U. 

(A) The shift map ipy : func(F, V) — > Sh(F, V) is C°°-open, that is 
open between the corresponding topologies C°° ; 

(B) The shift map tp uy : func(F\u, V) -> Sh{F\ v , V) is C°°-open. 

(C) The set Sh{F\ v , V) is C°°-open in Sh{F, V). 

Finally for each point 26M consider the following properties. 

(Al) There exists a base (3 Z = {Vj}j e j at z consisting of compact 
D -neighbourhoods of z such that every V G f3 z satisfies (A). 

(Bl) There exist an open neighbourhood U of z and a base (3 Z = 
{Vj}j e j C U at z consisting of compact D -neighbourhoods such 
that every V G f3 z satisfies (B). 
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(Cl) There exists a neighbourhood U of z every compact D-subma- 

nifold V C U satisfies (C). 
(Rl) z is non-periodic and non-recurrent. 

(R2) z is periodic and the Poincare return map of the orbit o z of z 
is the identity. 

(51) z G and there exists an F -invariant neighbourhood W of z. 

(52) z G Ef and there exists a neighbourhood W of z with the fol- 
lowing property: if x G dW = W\W then there exists a neigh- 
bourhood 7 C o x of x in the orbit o x such that 7 fl dW = {x} . 

Theorem 2.12. [23] The following implications hold true: 

1) (A) (B) & (C); 

2) (Al) for every z G M (Z); 

3) (Rl) V (R2) (Al); 

4) (SI) V (S2) => (Cl). 

In particular, suppose that every regular point z G M \ E_f of F 
satisfies either of the conditions (Rl), (R2), and every singular point 
z G Y,p of F satisfies (Sl) ; (S2) ; and (Bl). Then the shift map ip : 
C°°(M,M.) — > Sh(F) is either a homeomorphism or a ^-covering map 
between topologies C°° . 

Remark 2.13. Statement 1) of Theorem 12. 121 in particular implies 
that if the map (pv is open (condition (A)), then the map fu,v is open 
for any open neighbourhood U of V (condition (B)). 

3. Functions on surfaces 

In this section we will assume that M is a compact surface and 
/ : M — >• P a C°° map satisfying the following conditions: 

(i) / takes constant value on each connected component of dM 

(ii) all critical points of / are isolated and contained in IntM. 

Let z G IntM. Then in some local charts at z in M and at f(z) in 
P we can regard / as a function 

(3.1) (M, z) D (C,0)^-(R,0) C (P,f(z)) 

such that z = G C and /(0) = G E. 

We say that z is a /oca/ extreme for / if it is a local extreme for /. 
Moreover, if we fix an orientation of P and restrict ourselves to repre- 
sentations (13. ip in which the embedding KcP preserves orientation, 
then z will be called a local maximum (minimum) of / whenever so is 
G C for /. 
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foh(z) 



3.1. Isolated critical points. Suppose that z e IntM is an isolated 
critical point of /. Then there exists a germ of a homeomorphism 
h : (C, 0) -> (C, 0) such that 

±|z| 2 , if is a local extremum, [5], 
Ke(z n ) for some nsN, otherwise, [33] . 

If is not a local extreme for /, then the number n does not depend on 
a particular choice of h, and in this case z will be called a (generalized) 
n-saddle. 

The topological structure of the foliation Af near local extremes, 1-, 
and 3-saddles is illustrated in Figure 13 . 11 The corresponding critical 
components of level-set of / are designed in bold. 





a) local extreme b) 1-saddle 




c) 3-saddle 



Figure 3.1. Isolated critical points 



3.2. Foliation Af of /. Notice that / defines on M a certain one- 
dimensional foliation A f with singularities in the following way: a sub- 
set u C M is a leaf of Af if and only if uj is either a critical point of f 
or a connected component of the set / _1 (c) \ for some c e P. Thus 
the leaves of Af are 1-dimensional submanifolds of M and singular 
points of /. 

Denote by A^ eg the union of all leaves of A^ homeomorphic to the 
circle and by AJ the union of all other leaves. It follows from (i) that 
dM C A^ eg . 

The leaves in A^ eg (resp. AJ) will be called regular (resp. critical). 
Similarly, connected components of A^ eg (resp. AJ) will be called 
regular (resp. critical) components of Af. 

Evidently, every critical leaf of AJ either homeomorphic to an open 
interval or is a singular point of /. If / has at least one critical point 
or dM = 0, then every regular component of A f is diffeomorphic with 
.S- x (0. 1). 

Denote by T>(Af) the group of diffeomorphisms h of M such that 
h(u) = uj for every leaf u of Af, and let V + (Af) be its subgroup 
consisting of diffeomorphisms of M preserving orientations of all 1- 
dimensional leaves of Af. 
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For each critical point z G S/ we will denote by T>(Af, z) the group 
of germs of diffeomorphisms h : (M, z) —>■ (M, z) at z preserving leaves 
of Af. More precisely, let V be a neighbourhood of z and h : V — > M 
be an embedding such that h(z) = z. Then h G T>(Af,z) if and only 
if h(u fl V) C uj for each leaf uj of Aj. 

Lemma 3.3. [HJ Lm. 3.4] /// satisfies (i) and (ii), £/&en 

P+(A J ) r = V id (A f y = S id (f) r , 0<r<oo. 

Proof. In [T8l Lm. 3.4] the proof was given for the case r = 0. But 
literally the same arguments hold for all r if we replace everywhere in 
[j~8l Lm. 3.4] the word "isotopy" with "r-isotopy". □ 

3.4. KR-graph of /. Let r(/) be the Kronrod-Reeb graph (KR-graph) 
of /, e.g. p2J [3l [351 HB]- This graph is obtained from M by shrinking 
every connected component of every level-set of / to a point, see Fig- 
ure 13.21 Then we have the following decomposition of /: 

f = f r o Pf :M r(/) -^U P, 

where p/ is a factor-map and /r is the induced function which will be 
caller KR-function for /. Evidently, the edges (resp. vertexes) of r(/) 
correspond to regular (resp. critical) components of Af. 




p 



Figure 3.2. Foliation A f and KR-graph r(/) of / 

3.5. The action of S(f) on r(/). Notice that every h G S(f) inter- 
changes the leaves of Af and even yields a homeomorphism of r(/). 
So we have a natural homomorphism A : S(f) —>■ Aut(r(/)). 

Evidently, h G ker(A) iff h preserves every regular leaf of A™ 5 . On 
the other hand it is easy to construct examples when h G ker(A) inter- 
changes critical leaves of Af. It follows that 

V + {A f ) C V(Af) C ker(A). 
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Remark 3.6. I should warn the reader that [181 Eq. (8.6)] wrongly 
claims that V + (A f ) n V id (M) = ker(A) n V id (M). In fact, the proof 
contains a misprint and a mistake: it refers to [181 Lm. 3.6(2)] which 
does not exist instead of [181 Lm. 3.5(2)]. Nonetheless, [HI Lm. 3.5(2)] 
is not applicable since it claims about h G S id (f) but not about h G 
V + (Af) n Pid(M): the difference is that every h G «Sid(/) is isotopic 
to idjvf via an /-preserving isotopy, while h G V + (Af) R Pid(M) also 
preserves / and is isotopic to idj^ but the isotopy is not assumed to 
be /-preserving. On the other hand, it follows from [TS1 Lm. 3.5(1)] 
that [18, Eq. (8.6)] holds for orientable surfaces. The following example 
shows that a difference between V + (A f )nV id (M) and ker(A) n£> id (M) 
appears indeed. 

Example 3.7. Let MP 2 be a real projective plane and / : RP 2 — > R 
be a Morse function having exactly one minimum x, one saddle y and 
one maximum z. Regard RP 2 as a space obtained from unit 2-disk D 2 
by identifying the opposite points on its boundary dD 2 . The foliation 
Af on D 2 and the KR-graph T(/) of / are shown in Figure [3731 The 
vertexes of T(/) are denoted by the same letters as the corresponding 
critical points of / and the up-down arrows show how to glue the 
boundary of D 2 . 

Let h : D 2 — > D 2 be a mirror symmetry with respect to the horizontal 
line passing through x, see Figure I3~3"l Then h trivially acts on T(/) 
though it changes orientations of all regular leaves. On the other hand, 
since £>(RP 2 ) is connected, it follows that h is isotopic to id^. Thus 
h G (ker(A) \ V+(A f )) n V id (RP 2 ). 



y 



X 

Figure 3.3. 

4. Special critical points 

In this section we introduce three types of critical point which will 
play a key role throughout the paper. 
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Definition 4.1. (Special critical points) Let z G £/ be an isolated 
critical point of f . We will say that z is special for f if there exists 
a neighbourhood U of z and a vector field F on U with the following 
properties: 

(SP1) df(F) = and z is a unique singular point of F; 

(SP2) there is a base f3 z = {Vj}j e j of compact connected D-neigh- 
bourhoods of z such that for each V G (3 Z the shift mapping 
ipv '■ func(-F, V) — > Sh(F,V) is a local homeomorphism with 
respect to topologies C°° . 

The corresponding vector field F will be called special as well. 

Let z G be a special critical point of / and F be a vector field at 
z satisfying (SP1) and (SP2). Then by (SP1) the orbits of F coincide 
with the level-curves of / near z, whence 

(4.1) V(F,z)=V(A f ,z). 

Moreover, it follows from Remark |2. 131 that in Definition 14. II a neigh- 
bourhood U can be taken arbitrary small. 

Definition 4.2 (S-point). Say that z is an S- point for f if z is not a 

local extreme for f, (i.e. a saddle point) and it has a vector filed F 
satisfying (SP1) and (SP2) and such that Sh(F,z) = V(F,z). 
Such a vector field will be called special for z. 

Now let z be a local extreme of /. Then we can assume that U is 
connected and F-invariant, see §3.11 It also follows that all the orbits of 
F except for z are periodic and wrap around z. Let 9 : U\z —>■ (0,+oo) 
be the function associating to each x G U\ z its period Per(x). Then it 
easily follows from smoothness of the Poincare's first return map that 
9 is C°° on U \ z but it can be even discontinuous at z. We will call 9 
the period function for F. 

It is shown in [25] that after some linear change of coordinates the 
linear part VF(z) of F at z, see (12.21) . can be reduced to one of the 
following forms: 

(4-2) a) (_° A S), h ) (g§), C ) (go), 

for some A G R \ {0}. By O the image J z {S~h(F,z)) of Sh{F,z) 
under J z coincides with {e VF ^'*}t e iR, whence we obtain the following 
three possibilities for J z (Sh(F, z))\ 

(4.3) a) SO(2), b){(H),teR}, <:){(&§)}■ 



FUNCTIONS WITH ISOLATED SINGULARITIES ON SURFACES 13 

Definition 4.3 (P-point). Let z be a special local extreme of f . Say 
that z is a P-point for f if there exists a vector field F on some neigh- 
bourhood U of z satisfying (SP1) and (SP2) and such that the corre- 
sponding period function 9 : U \ z — > (0, +oo) smoothly extends to all 



In this case F will also be called special. 

Lemma 4.4. [381 [25] Let z G S/ be a local extreme of f . Choose some 
local coordinates (x,y) G R 2 at z in which z = 0. Let F = (Fi,F 2 ) be 
a C°° vector field near z such that F(f) = and z is a unique singular 
point of F. Then the following conditions (P1)-(P6) are equivalent. 
(PI) z is a P-point for f and F is the corresponding special vector 
field for z; 

(P2) The eigen values of VF(z) are non-zero purely imaginary, so 
VF(z) can be reduced to the form a) of ( I4.2[) . 

(P3) There exist germs at z of C°° functions (3,X ,Y : U — ► R such 
that (3(z) ^ ; and X and Y are flat at z, and F is C°° equiv- 
alent to the following vector field 



(P4) There exist a connected smooth 2-submanifold V C U such that 
z G IntV and the shift map <pv is periodic, i.e. ker(t^y) ^ {0}. 

(P5) For every connected smooth 2-submanifold V C U the shift map 
<pv is periodic. 

(P6) J z (Sh(F,z)) is conjugate in GL(2,R) to SO(2). 

In these cases Sh(F,z) = V + (F,z), ker(<^y) = {n9\v} n & f or an D 
connected 2-submanifold V C U. 

Moreover, there are C°° germs g,fi:U — > R at z such that \i is flat 
at z = and f is C°° equivalent to the function g(x 2 + y 2 ) + ji(x, y). 

If either of conditions (P1)-(P6) is violated, then lim^z) = +oo. 



Proof. Equivalence (Pl)-v^(P2)<^>(P3) was established in [25J. In fact 
F. Takens [38] described normal forms for vector fields satisfying (P2). 
He proved that there are two types of such forms. The first one is 
described by (P3). Moreover, it was observed in [23] that vector fields 
of the second type have non-closed orbits near z, whence in our case F 
can belong only to the first type. This implies (P2)=^(P3). The proof 
of (P3)=^(P1)=^(P2) is one of the main results of [25] . 

(P4)=>(P1). Suppose ker(</v) = {^^}nez for some C°° function v : 
V — > (0, +oo). Then by Lemma [27T1 v = Per = 9 on open and every 
where dense subset Q C V \ {z}, whence v = 9 on all of V \ {z}, and 
thus 9 extends to a C°° function v near z. 



ofU. 




x 



z 
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(P1)=KP5). Suppose 9 is C°° on all of U and let V C U be a 
2-submanifold. Then F(x,9(x)) = x for all x & V, whence 9\y G 
kei((fv) 7^ {0}. By the previous arguments, ker(<p v ) = {n9\v} n &- 

(P5)=KP4) is evident, and (P2)^(P6) follows from (TOD . 

All other statements are also proved in [25]. □ 

Definition 4.5 (N-point). Let z be a special local extreme of f . Say 
that z is an N-point for f if there exists a vector field F near z satis- 
fying (SP1) and (SP2) and such that 

(i) the corresponding period function 9 : U \ {z} — > (0, +oo) can 



not be continuously extended to all of U, so by Lemma \4^4 
lim 9(z) = +oo; 

X— >2 

(ii) ker(J 2 ) C Sh{F,z); 
(hi) ifVF(z) = 0, then J z (V(F,z)) is finite. 
Again, such a vector field will be called special. 

Condition (ii) means that for each h G T>(F, z) with J z {h) = id there 
exists a germ of a C°° function a G C£°(M) such that h(x) = F(x, a(x)) 
for all x sufficiently close to z. 

Consider the following subsets of GL(2,R): 

A ++ = {(hi) \ teR}, A— = {(V-i) I t g R} , 

A+- = {{h-i)\teR}, A-+ = {(- Q M) |tGR}, 

A + = A ++ UA—, A = A ++ \JA— VJA-+ VJA+-. 

Then A+ C A are subgroups of GL(2, R), A++ is the unity component 
of both A and A+, A+/A++ « Z 2 , and A/A ++ ~ Z 2 x Z 2 . 



Lemma 4.6. [26J Lei 2 be an M-point of f and F be a special vector 
field for z. Then the following statements hold. 

(Nl) VF(z) is nilpotent, whence it is similar to one of the matrices 

b) ore) of fjtSj) . 
(N2) IfVF(z) = (gj), seeb) of §£2$, then 

(4.4) J s (Sh{F,z)) = A ++ , 

(4.5) 3fc(i?,*) = J- 1 ^), 

(4.6) J z (V+(F,z)) CA + , 

(4.7) J#,z))CA 

#ence either Sh(F, z) = V+(F, z) or V + (F, z)/Sh(F, z) « Z 2; 
andV + (F, z)/Sh(F, z) is isomorphic with a subgroup o/Z 2 xZ 2 . 
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(N3) IfVF(z) = (gg), see c) taen ker(J z ) = Sh{F,z), and 

the image J z (T> + (F ) z)) is a finite cyclic subgroup o/GL(2, R) 
of some order n z , so T> + (F, z)j Sh(F, z) ~ Z„ z . If in addition 
T>(F, z) 7^ T> + (F, z), then T> + (F, z)/Sh(F, z) is a dihedral group 

Proof. (Nl) follows from (P6) and Eq. (TO) . 

(N2). Eq. (0~2D follows from (TOD. To establish Eq. (03]) consider 
h G J7 1 (^4 ++ ). Since J z (Sh(F, z)) = A ++ , there exists g G Sh(F,z) 
such that J^g) = J z (h). Hence g^ 1 o/ig ker(J 2 ) C Sh(F,z), whence 
h G Sh(F, z) as well. 

Eq. g2D is proved in [25], whence J 2 (X>+(F, z)) C An GL + (2,R) = 
Af. This proves Eq. (14.61) . 

(N3) follows from the well-known fact that every finite subgroup of 
GL + (n, R) is cyclic. □ 

Due to (N2) and (N3) of Lemma fl~6l we will distinguish two types of 
N-points. 

Definition 4.7. An N -point z of f will be called an HH-point ifVF(z) 
is non-zero nilpotent. Otherwise, VF(z) = and we will call z an NZ- 
point. 

4.8. Examples. Let / : M 2 — > R be a homogeneous polynomial with- 
out multiple linear factors, that is 

(4.8) f = L x ...L a -Qf ■■■Ql», 

where Lj, (i — 1, . . . , a), is a non-zero linear function, Qj, (j = 1, . . . , b), 
is an irreducible over R (definite) quadratic form, q 3 f > 1, Li/L^ ^ const 
for z ^ z', and Qj/Qj> ^ const for j 7^ /. Put 

D = Qf- 1 ---Ql»-\ 

Then / = Li • • • L a -Q\ • • ■ Qb-D and it is easy to see that D is the great- 
est common divisor of the partial derivatives f' x and f' y . The following 
polynomial vector field on R 2 : 

F(x,y) = -(f>/D)£ + (f>/D)f y 

will be called the reduced Hamiltonian vector field of /. In particular, 
if / has no multiple factors, i.e. U = qj = 1 for all i, j, then D = 1 and 
F is the usual Hamiltonian vector field of g. 

Notice that if / had multiple linear factors, then G M 2 would not 
be an isolated critical point. 
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Lemma 4.9. The origin G IR 2 is a special critical point of f belong- 
ing to one of the types S, P, or N 7 and F is the corresponding special 
vector field. More precisely, 

(1) if a > 0, then is an S-point for f ; 

(2) if a = and b = 1, i.e. f = Qf, and thus in some local 
coordinates f(x, y) = (x 2 + y 2 ) qi , then G IR 2 is a P '-point of f ; 

(3) otherwise, when a = and b > 2, so f = Qf^-'-Qf 1 , then 
G M 2 is an H-point (even an NT-point) of f . 

Proof. The assumption (SP1) of the Definition l4.ll that F(f) = is 
evident, while (SP2) is proved in [21]. Hence G IR 2 is special. 

(1) If a > 0, then the identity Sh(F, z) = V + {F, z) follows from PU 
[23], see [231 Th. 11.1]. 

(2) Suppose a = and 6 = 1. Then we can assume that f(x,y) = 
(x 2 + y 2 ) gi , whence F(x,y) = — Z/JI + ^J^- Hence by (P2) of Lemma 14.41 
is a P point for /. Moreover, the assumption (SP2) of the Defini- 
tion HJ] is independently reproved in [25] . 

(3) Suppose a = and b > 2. Then (i) of Definition 14.51 is established 
in [2S], and (ii) and (iii) in [HI [23], see [231 Th. 7.1 & 11.1]. It is also 
easy to see that VF(0) = 0, so is an NZ-point. □ 



4.10. Extension of shift functions. In this paragraph we prove two 
lemmas about extensions of shift functions. 

Lemma 4.11. Let z be a special critical point of f being a local extreme, 
F be the corresponding special vector field defined on some neighbour- 
hood U of z,W C 7 be two open connected F -invariant neighbourhoods 
of z such that W C V , and h : V — >• V be a diffeomorphism preserving 
orientation and orbits of F. 

(1) Let Y C V \ {z} be any open connected subset and a : Y — > K be 
any shift function for h on Y . If z is a P '-point for f , then a uniquely 
extends to a unique C°° shift function for h on all of V. 

(2) Any shift function a : W — > IR for h on W uniquely extends to a 
C°° shift function for h on all of V . 

Proof. Since h preserves orientation, it is not hard to show that h has a 
C°° shift function (3 : V \ {z} — »• IR, see [25] . Such a function is defined 



up to a summand n6, (n G Z). In particular, any shift function for h 
defined on Y C V \ {z} coincides with (3 + n6 for some n G Z. 

(1) Suppose z is a P-point, so 6 extends to C°° function on V. As 
just noted a = (3 + n9 on Y for some n. 
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We claim that (3 extends to a C°° function on V . Indeed, by Lemma H3 
h G T>(F, z) = Sh(F, z), so h has a C°° shift function (3 1 on some neigh- 
bourhood of z. Then (3' = f3 + k9 for some k G Z. Since and are 
C°° near z, so is /3. 

Hence a also uniquely extends to a C°° function /3 + n9 on V. 

(2) We have that a = (3 + n8 on W\ {z} for some n, though (3 and 9 
are even not defined at z. On the other hand they are C°° on V \ {z}, 
so we define a on V \ W by a = f3 + n9. Then a is C°° on all of V. □ 

Lemma 4.12. Lei z G S/ fca critical point of f of either of types S or 
P or N ; F be a special vector field for z defined on some neighbourhood 
U of z containing no other critical points of f , V C U be an open 
neighbourhood of z, and V = V \ {z}. Let also H : V x I — ► U be an 
r-homotopy in £(F, V) such that H = i v : V C U , and A : V x / — » R 
&e a unique r-homotopy such that Aq = and A t zs a smooth shift 
function for H t on V for every t & I, see Lemma \2. 8\ If z is an N- 
point suppose in addition that r > 1. Then for each t G / £/ie function 
A t extends to a C°° function on all ofV. 

Proof. First we show that H t G Sh(F, z) for each t G /, i.e. i?t has a 
C°° shift function a t on some neighbourhood of z in V. 

Indeed, since H = i v , it follows the germ of H t at z belongs to 
V + (F, z). Hence if z is either an S- or a P-point, then by Definitions 14.21 
and M\ H t G Sh(F,z). 

Suppose z is an N-point. Then by assumption r > 1, so the matrix 
J z (H t ) continuously depends on t. If S/F(z) is non-zero nilpotent, 
then we get from (N3) of Lemma H~o1 that J z (H t ) belongs to the unity 
component ^4++ of the group A as well as J Z (H ) = id. Hence H t G 

J- 1 (A+ + ) = Sh(F,z). 

Similarly, if VF(z) = 0, then the set of possible values for J z (H t ) is 
finite, whence J z (H t ) = J z (Hq) = id for all t G I. Therefore by (ii) of 
Definition \£MH t G ker(J^) C Sh(F,z) as well. 

Thus A t and at are shift functions for H t on some neighbourhood 
connected neighbourhood W of z, whence A t — a t G ker(<£>^), where 

W = W\{z}. 

If z is an S-point, then W contains non-closed orbits of F, whence 
ker(yj^) = {0}. Therefore At = ct t is C°° on W. Thus if we put 
A t (z) = a t (z) then At will become C°° on all of V. 

Suppose that z is a P-point. Then ker(y9g?) = {n9} ne z, so A t — a t = 
n6 for some nGZ. But by Definition 14.31 9 smoothly extends to all of 
W, whence so does A t = a t + n9. 
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Suppose that z is an N-point, so lim#(x) = +00. This implies 

x— *z 

that the shift map <pw is non-periodic, so at is a unique shift function 
for H t on W. Notice that by assumption r > 1, so the restriction 
H : W x I — > U is & 1-homotopy in Sh(F, W) having a shift function 
A : W x / — > R such that A = is C°° on W. Then the main result 
of [22] is applicable to this situation and claims that At = at on W for 
all other t E I. Hence A t smoothly extends to all of V. □ 



5. Main results 

The sets of S-, P-, and S-points of / will be denoted by S^, Sj, and 
respectively. The following Theorems 15.11 and 15.21 extend the results 

of HUES]. 

Theorem 5.1. c.f. [HI Th. 1.3]. Suppose that f : M — > P satisfies 
axioms (Al) and (A2). Then 

(5.1) l5id (/r = --- = 5 id (/) 2 = 5 id (/) 1 . 

Moreover, each of the following conditions implies Sidif) 1 = Sid{f)° : 

(a) / has no critical points of type N, i.e. = 0; 

(b) M is a 2-disk, E/ consists of a unique critical point z which is 
of type N with n z = 1 ; 

(c) M is a 2-sphere, consists of exactly two critical points z' and 
z such that z' is of type P, and z is of type N with n z — 1. 

The space Si&(f) := <Sid(/)°° contractible if and only if one of the 
following conditions holds true: 

• f has at least one critical point of type S or N; 

• M is non-orientable. 

In all other cases Sa(f) is homotopy equivalent to S 1 . 

Theorem 5.2. c.f. [HI Th. 1.5], [19]. Suppose that f : M -> P satisfies 
axioms (Al)-(A3) and f has at least S-point. Let n be the total number 
of critical points of f . Then Of(f) is weakly homotopy equivalent to 
a CW-complex of dimension < 2n — 1. Moreover, iTiOf(f) = n^M 
for i > 3, n 2 Of(f) = 0, and for itiOf(f) we have the following exact 
sequence: 

(5.2) 1 ^7i 1 V(M)®Z k ^^Ofif) ->0->l, 
where Q is a certain finite group and k > 0. 
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5.3. Discussion of axioms. Axioms (Al) and (A2) put restrictions 
only on the foliation Af of /. For instance suppose that / : M — > R 
satisfies them and has a global minimum min/ = 0. Then for every 
n > 2 the function /" also satisfies these axioms. Replacing / by its 
n-th degree makes that global minimum of / "more degenerate" but 
does not changes the foliation Af. 

On the other hand, if / satisfies (A3), then usually the orbit 0(f n ) of 
f n for n > 2 has infinite codimension in C°°(M, R) and the verification 
of (A3) for f n is not an easy problem, see [3D] . 

5.4. Sufficient condition for (A3). Let / : R 2 — > R be a smooth 
function, z G R 2 , and f(z) = 0. Denote by A the algebra of germs of 
smooth functions R 2 — > R. Then the Jacobi ideal of / at z is the ideal 
A(/, z) in A generated by germs partial derivatives f x {z) and f y {z) of 
/ at z. 

The codimension /%(/, z) of a / at z (or a real Milnor number of z) 
is the codimension of the Jacobi ideal A(/, z) in A: 

m(f,z) = dim R [.A/A(/, z)], 

see [M]. 

Lemma 5.5. c.f. [33], [TBI § 11.30]. let C£°(M,P) be the subspace 
of C°°(M, R) consisting of maps satisfying axiom (Al), and Zet / G 
CJ°(M, P). Suppose that fim.(f, z) < oo /or eac/i critical point z G £/. 
TTien C?(/) zs a Frechet submanifold o/Cg°(M, P) of finite codimension 
and the map p : T>(M) — > 0(/) a principal locally trivial S(f)- 
fibration. In particular, p is a Serre fibration, so f satisfies (A3) . 

Lemma 5.6. c.f. [21]. Suppose that f : M —>■ P satisfies (Al) and 
has the following property: for every critical point z of f there exists 
a local presentation f z : R 2 — > R of f in which z = (0,0) and f z is a 
homogeneous polynomial without multiple factors. Then f satisfies all 
other axioms (A2), (A3). 

Proof. Axiom (A2) follows from results of [T71 [23], see also |24j . 

For the axiom (A3) it suffices establish finiteness of /J,w(fz, z). Regard 
f z as a polynomial two complex variables with real coefficients. Since f z 
has no multiple factors, it follows that z = (0, 0) is an isolated critical 
point of f z , whence the complex Milnor number defined analogously 
with respect to the algebra of germs of analytical functions (C 2 , 0) — ► 
C is finite: Hc(f Z) z) < oo, see [2]. It remains to note the following 
inequaltiy /iM.(f z ,z) < 2fic(fz,z), which can be easily proved. □ 
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6. Framings 

In this section we will assume again that / satisfies conditions (i) 
and (ii) at the beginning of §3.21 The results of this section will be 
used for the proof of Theorem 15.21 only. 

6.1. Framings for N-points. Suppose z is an N-point of / and let F 
be the corresponding special vector field defined on some neighbour- 
hood U of z. Recall that the group Q z = T> + (F, z)/Sh(F, z) is cyclic 
and we have denoted its order by n z . 

For each non-zero tangent vector v G T Z M put 

F z (v) := {±T z h{v) | h G V + (F,z)}. 

Thus F z (v) is the union of orbits of v and — v under the natural action 
of V + (F, z) on T Z M . Equivalently, we may put 

F z (v) := {±£(v) \ £eJ z {V + {F,z))}. 

Definition 6.2. The set F z (v) will be called a framing at z if it is 

finite and invariant with respect to the whole group T>(F,z). 

Lemma 6.3. (1) Framings exist. 

(2) Let F z (v) be any framing. If n z is odd (resp. even), then F z (v) 
consists of 2n z (resp. n z ) elements. 

(3) The kernel of the action of T> + (F, z) on any framing F z (v) is 
Sh(F,z). Hence V + (F, z) induces a free action ofQ z on F z (v). 

(4) Let F z (v) be a framing at z and h G S(f). Then z' :— h(z) G 
and 

F z ,{v) := T z h(F z (v)) C T z iM 

is a framing at z' . 

(5) If g G S{f) is such that g(z) = h{z), then 

T z g(F z (v))=T z h(F z (v)). 

Proof. (l)-(3). First suppose that z is an N N-point, so we can choose 
local coordinates at z in which VF(z) = (qJ). Then by Lemma H~6l 

J z (Sh(F, z)) = A ++ , J Z (V + (F, z)) c A+, J Z (V(F, z)) C A. 

Let v = (a, 0) G T Z M be any vector with respect to these coordinates 
such that a ^ 0. Evidently, the orbit of v with respect to each of the 
groups A + and A is {±v }, see Figure IBTTh ) . while ^4++ is the stabilizer 
of v with respect to A + . This implies that F z {v) = {±f}, this set 
is invariant with respect to T>(F, z), and Sh(F, z) is the kernel of the 
action of T> + (F, z). 
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If Sh(F,z) = V + (F,z), i.e. n z = 1, then |F*(u)| = 2 = 2n z . Other- 
wise, V + {F,z)/Sh(F,z) = Z 2 , so n z = 2 = \F z (v)\. 

On the other hand, if w G T Z M is another tangent vector which is not 
collinear to v, then w = (b, c) with and F z (w) = {(t, ±c) | t G M} 
is a pair of lines. Thus F z (w) is not a framing, see Figure ISTTb ). 

Suppose now that z is an NZ-point, i.e. VF(z) = 0. Then by 
Lemma Sh(F, z) is the kernel of J z , 

J Z (V + (F, z)) = V + (F, z)/Sh(F, z) = g z 

is a finite cyclic group of order n z . Whence for any non-zero v £T Z M 
the set F z (v ) is finite and Sh(F, z) is the kernel of the action of T> + (F ) z) 
on F z (v). 

It remains to choose v for which F z (v) is invariant with respect to 
V{F,z). We can assume that V(F,z) ^ V + (F,z), so J z (V(F,z)) is a 
dihedral group. Let /i G T>(F,z) \V + (F, z). Then ft, changes orienta- 
tion at z, whence the linear map T z h is a reflection with respect to a 
line {tf | t G M} determined by some non-zero vector v G T Z M. In 
particular, T z h{v) = v. Now it is evident that F 2 (t>) is invariant with 
respect to T)(F,z), so F z (f) is a framing, see Figure ItxTb ). 

Statements (4) and (5) are easy and we leave them for the reader. □ 
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Definition 6.4. Say that a family of framings {f z (v z ) : z G S^ 1 } is 
compatible if it is invariant with respect to S(f), i.e. 

T z h(F z ) = F h(zh VheS(f). 

Corollary 6.5. Compatible framings exist. 

Proof. Since h(H^) = for every h G S(f), we can divide by 
orbits with respect to S(f). Let O = {z±, . . . , zi} C be one of these 
orbits. It suffices to define a compatible framing on O. 

Fix any framing F Z1 for z\. Let z$ G O and h G S(f) be such that 
h(zi) = Zi. Then we set F 2 . = T zl h(F Zl ). By Lemma T6. 31 this definition 
does not depend on a particular choice of such h. □ 



22 SERGIY MAKSYMENKO 

6.6. Framed KR-graph r(/) of /. Let r(/) be the KR-graph of /, 
Pf : M — ► r(/) be the factor map, and w be a. vertex of r(/). Say that 

• w is a d-vertex if pj (w) is a connected component of dM] 

• w is an S-vertex if pj 1 (w) contains S-points of / (in this case 
pj 1 (w) is a critical component of Af being not local extreme of 

/); 

• w is P -vertex (resp. N -vertex) if p^ 1 (w) is a P-point (resp. 
N-point) of /. 

Let w be an N-vertex of r(/) and z = pj 1 (w) be the corresponding 
N-point of /. Then by cyclic order of w we will call the corresponding 
cyclic order n z of z and denote it by n w , thus n w := n p -i^ = n z . 

Let k z be the total number of vectors in (any) framing at z, see 
Lemma [6731 We will denote this number by k z and k w as well. Thus 
k z = n z for even n z and k z = 2n z for odd n z . 

To each N-vertex w let us glue k w edges e w (l), . . . ,e w (k w ) as shown 
in Figure [6721 We will call them edges tangent to w. The set of tangent 
edges to w will be denoted by T^. They should be thought as "lying 
in the plane orthogonal to the edge incident to w" . 




Figure 6.2. Tangent edges to a vertex w 

Denote the obtained graph by r(/) and call it the framed KR-graph 
of /. Thus r(/) is a subgraph of r(/) and we can extend the KR- 
function f r : r(/) — > P to all of T(/) to be constant on tangent edges: 
fr(e w (i)) = f r (w). 

6.7. Automorphisms of r(/). Let E(T(f)) be the set of edges of 
r(/). By an automorphism of r(/) we will mean a pair (u, o), where 

• v : r(/) — > r(/) is a homeomorphism which preserves types of 
vertexes and the KR-function i.e. fr°v = fr'- F(f) — ► P, (in 
particular, v sends tangent edges to tangent edges), and 

• o : E(T(f)) Z 2 is any function. 

Define the composition of automorphisms by: 

(Ut, Oi) O (v> 2 , 2 ) = fa O V 2 , OiOU 2 ■ o 2 ), 
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where • is a multiplication in Z 2 = {±1}. 

Then it is easy to see that all the automorphisms of constitute a 
group. We will denote this group by Aut(r(/)). The unit of Aut(r(/)) 
is (idp/y\, 1), where 1 : E(T(f)) — * Z 2 is a constant map to 1 G Z 2 , and 
the inverse of (u, o) is (V -1 , — o o v~ l ). 

6.8. Action of S(f) on r(/). Suppose / has at least one critical 
point. We will now define a certain homomorphism 

fi : S(f) -> Aut(f (/)). 

Fix 

• a compatible framing {F z : 2 G £y } for N-points of /, 

• for each z G £y a bijection £ z : — > T P/ ( Z ) between the framing 
F z at 2; and the set of tangent edges at the corresponding vertex 
Pf(z) of (see Figure 16731 and 

• orientation of connected components of A^ eg (this is possible 
since 7^ 0, so all regular components of Af are diffeomorphic 
to S 1 x (0, 1) and thus they are orientable surfaces). 




Figure 6.3. 

Now let h G S(f). We have to associate to h a pair (z/, o). 
Notice that h yields a certain automorphism v = X(h) of r(/). To 
extend it to the set of tangent edges. Let h G S(f), z G Ej, z' = h(z), 

w = pj(z) and w' = Pf(z') be the corresponding vertexes on r(/). 
Then z' G as well and h yields a bijection between the framings F 2 
and F z >. So we define v : T w — >• T w / by 

^/ o T z h o ^J 1 : T^ — — > F z Tzh > F z / T^. 

It remains to define a function o : E(T(f)) — > Z 2 . Let e be an edge 
of r(/) and 7 = Pf(e) be the corresponding connected component of 
A^ eg . Then 7' = ^(7) is also a connected component of Aj Cg . Notice 
that we fixed orientations of 7 and 7'. Therefore we define o(e) = +1 
if /i : 7 — > 7' preserves orientations and o(e) = — 1 otherwise. 

A direct verification shows that the correspondence h 1— > (u, o) is a 
well-defined homomorphism /x : S(f) — > Aut(r(/)). 
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6.9. The kernel of fi and the group D N ( A/). Denote by V N (M, £/) 
the subgroup of T>(M) consisting of all diffeomorphisms h of M such 
that 

• h £ Sh(F z , z) for each N-point z G E^ and (any) special vector 
field F 2 for z. In other words, J 4 (/i) G A ++ if VF(z) = (g J), 
and J 2 (/i) = id if VF(z) = 0. 

Let N (f) the orbit of / with respect to the action of V N (M, £/). Put 

I? N (A / ) = £> + (A f ) n £> N (M, E 7 ). 

Then it is easy to see that V N (Af) is a normal subgroup of S(f) and 

V N (A f ) C ker(». 

However in general V N (Af) ^ ker(fi). The difference is that each 
h G V N (Af) is required to preserve all 1- dimensional leaves and their 
orientations, while each g G ker(/x) must only preserve all regular leaves 
and their orientation. In fact, it is easy to construct an example of / 
and h G ker(/x) \ V N (Af) which interchanges critical leaves of A/, see 
e.g. [151 Lm. 6.9 & Fig. 6.1]. 

The following lemma repairs [18j Eq. (8.6)], see Remark 13.61 

Lemma 6.10. V N (A f ) n V id {M) = ker(^) n V id {M). 

Proof. Let h G ker(/i) P[T>- ld {M). Then, h preserves all regular leaves of 
Af with their orientation and is isotopic to id^- Now by [Hi Th. 7.1] 
h also preserves all critical leaves with their orientation. Moreover, 
h G Sh(F, z) for each z G Ej, whence /i G D N (A / ). □ 

Lemma 6.11. The intersections of the identity component T>^(M, £/) 
ofV N (M,T l f) with each ofD N (Af), ker(/x), and S(f) coincide: 

V N (A f ) n V? d (M, E/) = ker(^) n PjJ(M, S3,) = n Pfi(M, E,). 

Proo/. The relation P N (A / )nD i ^(M, E f ) = ker(//)nP^(M, £/) follows 
from Lemma f6. 101 For the second equality it suffices to establish that 

ker(/i) n 2> N d (M, £,) D S(f) n P ; N d (M, E,). 

Let /i G n Pid(M, E/) and A(/i) be the automorphism of r(/) 
induced by h. We have to show that X(h) = idr(/) and that h preserves 
orientation of all regular leaves on Af. 

First we show that X(h) = idpm- The arguments are similar to the 
proof of [TU Eq. (8.8)]. Notice that h yields the identity automorphism 
of the first homology group Hi(T(f)). Indeed, there is a map Sf : 
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r(/) — > M such that Sf opf = 
following commutative diagram: 



id 



r(/)» 



see e.g. [13]. So we have the 



id 



r(/) 



r(/) 

X(h) 

r(/) 



M 



M 



pi 



ps 



r(/) 

A(h) 

r(/) 



id 



r(/) 



Then for the first homology groups we have another commutative dia- 
gram in which rows are exact: 











Hi{V{f)) 

\(h) 1 

Hi(T(f)) 



H X (M,E 



hi=id 



Pf 



Pf 



Hi(T(f)) 

X(h)i 

Hx(r(f)) 







id 



Ht(M, Ef) 

Since h is isotopic to idjy/ relatively Ef, we obtain that hi 
whence X(h)i = id// 1 (r(/)), and h preserves vertexes of the KR-graph 
r(/) of /. This implies that X(h) = idr(/). 

It remains to show that h preserves orientation of regular leaves of 
Af. Indeed let z be any N-point. Then h is isotopic to id^f via an 
isotopy fixed at z, whence h preserves orientation at z and therefore it 
also preserves orientations of all leaves in a neighbourhood of z. If M 
is orientable, the same is true for all 1-dimensional leaves of Af due 
to PSI Lm. 3.5(1)]. 

Suppose that M is non-orientable. Then h lifts to a unique symmet- 
ric orientation preserving diffeomorphism h of M, that is po h = hop. 
It easily follows that h G S(f) n Vf A {M,Ej). Indeed, 

foh = fopoh = fohop=fop=f, 

so h G S(f). Moreover, any isotopy h t : M —>■ M between h = id.M 
and h\ — h in Df d (M,Ef) lifts to an isotopy h t : M —>■ M between 
ho = idjvf and some h — hi in V^(M, Sj). Then h is a desired lifting 
of h. Its uniqueness follows from Lemma IT721 

Now by the orientable case h preserves orientation of all regular 
leaves of Aj, whence so does h for Af. □ 

Lemma 6.12. c.f. [T8l Lm. 2.7] If f has at least one S-point and sat- 
isfies axiom (A2), then V i( i(M, Ef) and T>f A {M,Ef) are contractible. 

Proof. Contractibility of T>a(M,Ef). Let b be the total number of 
connected components of dM and n be the total number of critical 
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points of /. It follows from the description of homotopy types of the 
groups of diffeomorphisms of compact surfaces, see P El ED] , that the 
group £>id(M, £/) is contractible if and only if x{M) < n + b. 

By the assumption n > 1. Therefore if x(M) < < 1 < n, our state- 
ment is evident. Suppose that M = S 2 or MP 2 . Then 6 = 0. Moreover, 
in these cases every smooth map / : M — > P is null-homotopic, whence 
/ has also maximum and minimum. Therefore n > 3 > 2 > x(M). 

Contractibility ofV^ d (M, E/). Denote by T>(M, E/, id) the subgroup 
of T>(M, E/) consisting of all diffeomorphisms ft, such that J 2 (/i) = id for 
each z G E/. Denote by s, p, a, and b respectively the total number of 
critical points of / of types S, P, NN, and NZ, and put n = s+p + a + b. 
Then we can order all critical points z\, . . . , z n of / in such a way that 
the first s points are of type S, the next p points are of type P, the next 
a points are of type NN, and the last b ones are of type NZ. For every 
Zi G Ef fix local coordinates (x,y) in which zi = 0. Then we have a 
natural map 

n 

£ : V(M,E f ) - J] GL(2, R), £(h) = (J Zl (h), . . . , J Zn (h)). 
i=i 

It is easy to show that £ is a locally trivial fibration with fiber 
£>(M, E /; id). Notice that GL(2, R) has the homotopy type of 0(2) be- 
ing a disjoint union of two circles. Moreover, as just proved T>n(M, E/) 
is contractible. Then from exact sequence of homotopy groups we ob- 
tain 7TjD(M, S/,id) = for % > 1, and thus the boundary homomor- 
phism d\ is an isomorphism: 

n 

(6.1) -> tti JJ GL(2, R) 7r Q P(M, E /; id) -> 0, 

i=i 

whence 7r P(M, Ej, id) = Z n . Consider the following subset 

n 

Q := (GL(2,M)) S+P x (A ++ ) a x (id) b C JJGL(2,M). 

i=l 

Then £> N (M, E ; ) = £ _1 (Q), whence the restriction £ : £> N (M, £/) -> Q 
is fibration with the same fiber V N (M, Ej). Since ^4++ is diffeomorphic 
to R, we see that Q is homotopy equivalent to (S 1 )^ 10 . Therefore from 
exact sequence of homotopy groups we get iiiV N (M, E/) = 7TjQ = for 
i > 2 and also obtain the following exact sequence: 

(6.2) = ttiP(M, E/) -> 7nI? N (M, E/) -> ttiQ 7r P(M, E/). 

Evidently, the inclusion Q C Yl7=i GL(2,R) induces a monomorphism 
on 7r!-groups, whence by (I6.1I) we have that in (I6.2p the map d\ is a 
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monomorphism. Therefore 7TiD N (M, S/) = 0. Thus all the homotopy 
groups of TiiV^M, Sj) vanish. □ 

Lemma 6.13. If f satisfies (A3), then 

(1) p -1 (0 N (/)) = X? N (M,£ / ) ; w/ience £/ie map 

p:V N (M,Z f )^0 N (f), p(h) = foh- 1 

is a Serre fibration as well; 

(2) Of(f) (resp. O^(f)) is the orbit of f with respect to the action 
ofV id {M) (resp. V&(M,E f )), c.f. [19j; 

(3) the boundary map d\ : TCiOf(f) — > n S(f) is a homomorphism 
and the image of the induced map p\ : n{D(M) — > HiO(f) is 
included in the center of 7TiO(f), [18j Lemma 2.2.]. 

7. Proof of Theorem [571] 

Orientable case. Suppose M is orientable and / satisfies axioms (Al) 
and (A2). For each z G £/ let F z be the corresponding special vector 
field defined on some neighbourhood U z of z. 

Lemma 7.1. There exists a vector field F on M such that 

(i) df(F) = and F(z) = iff z e £/. 

(ii) F = ±F Z near z for every z 6 E/. 

Moreover, for any vector field F satisfying (i) and (ii) iae following 
conditions holds true: 

(iii) TTie s/w/i map : C°°(M, R) — ► Sh(F) is either a homeomor- 
phism or a It-covering map with respect to topologies C°° . Hence by 
Lemma Y2.11\ so is the restriction </?|p+ : T + — > (/?(r + ), and both spaces 
Sh(F) and <p(T + ) are either contractible or homotopy equivalent to S 1 . 

(iv) Sh{F) = S id {F) 1 and, by LemmaWM <^(r + ) = V id {F) 1 . 

(v) Iff has no H-pomts then Sh{F) = S id {F)° and V iT + ) = V id {F)°. 

(vi) Suppose f has no S-points and only one H-point z, though it 
may have P-points. If in addition n z = 1, then Sh(F) = £i d (F)° and 
(^(r + ) = T?i d (F)° . In this case f satisfies one of the conditions (b) or 
(c) of Theorem \5.1\ 

(vii) V id (A f ) r = V id (F) r = S id (f) r for all r = 0, . . . , oo. 

(viii) IfSh(F) = S id (F) r , then V? d {A f ) r = S ld (fY- 

Suppose Lemma [7711 is proved. Then by (iv) and (vii) we get 
<p(T + ) = S-M) 00 = --- = S id (f)\ 

which proves (15.11) . Moreover, the ) of Theorem 15. II corresponds 

to (v), while (b) and (c) correspond to (vii) of Lemma 17. 11 and in these 
cases <^(r+) = S id (fY = <S id (/)°. 
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Further, by (iii) of Lemma 17. l\ ip(T + ) = «Sid(/)°° is either contractible 
or homotopy equivalent to the circle. 

If / has a critical point z of type S or N, then there exists a neigh- 
bourhood V of z such that ipy is non-periodic, hence for each h G <Sid(/) 
there may exists at most one C°° shift function on V. This implies that 
if is non-periodic as well, whence S-^if) is contractible. 

On the other hand, suppose all critical points of / are of type P. 
Then / has at most two critical points and it is not hard to prove that 
<f is periodic, whence <5>id(/) is homotopy equivalent to the circle. This 
case is analogous to [T8J Th. 1.9]. Orientable case of Theorem 15. II is 
completed modulo Lemma ED 



Proof of Lemma \n\ (i), (ii). Since M is orientable, it has a symplectic 



structure and we can construct the corresponding Hamiltonian vector 
field F' of /. By definition this vector field satisfies (i) and also is 
parallel to F z near each z G Hf. Changing the sign of F z (if necessary) 
we may assume that F' and F z has the same directions near z. Then 
using partition unity technique we can glue F' with all of F z so that 
the resulting vector field F on M would satisfy (i) and (ii). 

(iii). We have to show that the map <p : C°°(M, R) -> Sh(F) is 
either a homeomorphism or a Z-covering map. Due to Theorem 12. 121 
it suffices to prove that every regular point z G M \ E_f satisfies either 
of the conditions (Rl), (R2), and every singular point z G T,p of F 
satisfies (SI), (S2), and (Bl). 

Let z be a regular point of /. Then z is also non-singular for F. 
Denote by u the connected component of a level-set / _1 /(,2) containing 
z. 

If oj contains critical points of /, then the orbit o z of z is either "an 
arc connecting two critical points" or a "loop at some critical point" of 
/, see points z\ and Z2 in Figure ITT1 In both cases the limit sets of the 
orbit o z of z is finite, whence z is non-recurrent, and thus it satisfies 
(Rl). 

Otherwise uj contains no critical points and therefore is diffeomorphic 
to S 1 . Hence uj is a periodic orbit of F, see Figure 17711 Then it is easy 
to see that the first return map of such orbit is the identity, whence z 
has property (R2). 

Let z be a critical point of / and U be a neighbourhood of z on 
which F = F z . Then by condition (SP2) of Definition 14. II there exists 
a base j3 z = {Vj}j e j C U of /^-neighbourhoods of z such that for each 
V G (3 Z the shift map of F z 

(7.1) fuy ■■ func(F,| a , V) - Sh(F z \ v , V) 
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Figure 7.1. 

is a local homeomorphism between the corresponding topologies C°° . 
Since F = F z on U, the map (17. ip is the same as the following one: 

(p UtV :func(F\ v ,V)^Sh(F\u,V). 

In particular, (pu,v is open as well. This implies (Bl) for z. 

Suppose z is a local extreme of /, then it has arbitrary small F- 
invariant neighbourhoods, see Figure I7T2r ). i.e. satisfies (Si). 

Suppose z is a saddle. Then there exists arbitrary small 2-disk U 
such that dU is smooth and transversal to orbits everywhere except 
for finitely many points x±, . . . ,Xk, and for each X{ there exists an open 
arc 7i on o Xi containing Xi such that 7, n dU = {xi}, see Figure [7T2b ). 
This implies property (S2) for z. 




(a) (b) 
Figure 7.2. A neighbourhood U 

(iv), (v). We have to identify Sh(F) with £ id (F) r for r = or 1. Let 
h G £id{F) r , so there exists an r-homotopy H : M x 7 — » M such that 
J^o = idjvf, 7^1 — an d G ^(-F) for all £ G J. Then by Lemma I2TB1 
there exists an r-homotopy A : (M \ Tip) x J — > K such that A = 
and = F(x, A t (ar)) for all x G M \ S F . 

If r = 1 or if r = but / has no N-points, then by Lemma f4. 121 
(applied to each z G £/) the function A t , t G (0, 1], extends to a C°° 
function on all of M. Hence H t G Sh(F). In particular, ft, = Hi G 
Sh(F), and so Sh(F) = £ id {F) 1 . 

(vi). Suppose that / has no S-points and only one N-point z which 
also satisfies n z = 1. Thus / has only local extremes and one of them is 
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z. Since M is connected there may exist at most two such points. Thus 
either Sj = {z, z'}, where z' is a P-point, M = S 2 , and / satisfies (b) of 
Theorem 15 .11 or = {z}, M = D 2 , and / satisfies (c) of Theorem 15. II 

Notice that the orbits of F on M \ Hj are closed, the shift map 
fM\s f is periodic, and the function 9 : M \ £/ — > (0, +oo) associating 
to every x G M\S/ its period Per(x) generates the kernel ker((^M\s / ). 
Moreover, if £/ = {z,z'} and 2;' is a P-point then by Definition 14.31 6 1 
smoothly extends to some neighbourhood of z'. Thus we can assume 
that 9 is C°° onM\{z}. 

Now let h G S id (F)°. We have to verify that h G Sh(F). 

By Lemma 12.81 there exists a smooth shift function a : M \ X j — > M. 
for /i on M\Ylf. Moreover, if = {2, 2'} where z' is a P-point, then by 
Lemma f4. 121 a smoothly extends to a C°° function near z'. Therefore 
we can assume that a is C°° on M \ {z} as well as 9. Then for each 
fceZ the function a + &6 1 is also a C°° shift function for h on M \ {z}. 

By definition h is a local diffeomorphism at z and since h G £id(-F)° 
it follows that h preserves orientation at z, so h G T> + (F, z). Then the 
assumption n z = 1, means that J Z (V + (F, z)) = id, so 

/i G V + (F,z) C ker(J 2 ) C Sh(F,z). 

Hence there exists a C°° shift function (3 for on some neighbourhood 
W of z. 

Therefore a and /3 are C°° shift functions for h on W \ {z}, whence 
(3 — a = n9 for some k G Z. Hence a + 7T.6 1 is C°° shift function for h on 
all of M, so h £ Sh(F). 

(vii) . It follows from (i) that the foliation Af coincides with the 
foliation by orbits of F, whence P(A/) = T>(F), and by Lemma [3731 

v id (A f y = v id (Fy cs id (fy. 

(viii) . Suppose Sh(F) = £i d (F) r for some r > 0. Then 

Sh(F) = £ id (F) r D P id (F) r = S id (f) r = V id (A f ) r D A N d(A/) r . 

In particular, each /i G Si d (f) r has a C°° shift function on M with 
respect to F. This implies that J z {h) G Sh(F,z) for each S-point z 
of /, whence by definition h G V N (A f ). Thus >S id (/) r C ^ ,N (A / ), and 
therefore S id (f) r C Ad(A/) r . □ 

Non-orientable case. Suppose M is non-orientable. Let p : M — > 
M be the oriented double covering of M and £ : M -> M be a C°° 
involution generating the group Z 2 of deck transformations. 
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A vector field F on M tangent to DM (as well as its flow F) will be 
called skew- symmetric if £*(F) = —F, i.e., Fo( = — T£ o F. This is 
equivalent to the requirement that F t o £ = £ o F_ t for all tel. 

A smooth map h : M — > M will be called symmetric if /i o £ = £ o /t. 
Denote by X? + (M) the group of all orientation preserving symmetric 
diffeomorphisms of M. 

Lemma 7.2. Every h G T>(M) has a unique lifting h G T> + (M), so 
poh = hop. Moreover, the correspondence h ^ h is a homeomorphism 
7] : T>(M) — > D + (M) wift respect to each topology C r , (0 < r < oo). 

Proof. Notice that each h G T>(M) has exactly two symmetric liftings. 
If h G T>(M) is a lifting of h, then another one is given by £ o /i. Since £ 
reverses orientation of M, we can assume that h preserves orientation 
of M, i.e. h G P + (M). Then it is easy to see that the correspondence 
rj : h i— > h is a bijection between T>(M) and P + (M). The verification 
that 7/ is a homeomorphism with respect to the topology C for each 
< r < oo is direct and we left it for the reader. □ 

Suppose / satisfies axioms (Al) and (A2). Since p is a local diffeo- 
morphism, it follows that the map / = / o p : M —>■ P also satifies 
these axioms. 

Let y G £/, G y be a special vector field near y, and z,z' G Sj be 

critical points of / such that p^(y) = {z, z'}. Define vector fields F z 
and F z i near z and z' respectively as pullbacks of G y via p: 

F z = P *Gy, F z , = -p*Gy. 

Let F' be any vector field on M satisfying (i) and (ii). Then the vector 
field F = \{F' — £*-F") is skew-symmetric and also satisfies (i) and (ii) 
and therefore all other statements of Lemma [7TTI see [HI Lm. 5.1] for 
details. 

Lemma 7.3. c.f. [T8l Lm. 4.9 & 5.1]. The following conditions hold 
true: ^ 

(ix) Let D(Aj) = T>(Aj) fl T> + (M) be the group of symmetric dif- 
feomorphisms preserving foliation Aj. Then rj(T>(Af)) = T>{Aj), see 
Lemma \77^ In particular, for all r = 0, . . . , oo we have homeomor- 
phisms £>id(A/) r S V iA (Aj) r 

(x) Put E = {a G C°°(M,M) «o( = -a}. Then the shift map 
if of F yields a homeomorhism (p : E fl T + — >• T>{Aj) with respect to 

topologies C°° . Since Eq fl T + is convex, P(Ay) is contractible. 
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Proof, (ix) follows from Lemma IT72| and (x) from [TBI Lm. 4.9]. □ 

Now we can complete non-orientable case of Theorem 15 .11 By (x) of 
LemmaCL3Mr + n E ) = Pid(Aj) 1 , and (p(T + n E ) = V id (Afi° if / 

and therefore / have no N-points. Moreover for all r = 0, . . . , oo we 
have the following identifications 

v id (Af - v id (A f y s id (f) r - 

This implies that Si d (f)°° — • ■ ■ = Si d (fY and this space is contractible. 
Moreover, S^f) 1 = S id (f)° whenever / has no N-points. 

Theorem 15. II is proved. □ 



8. Proof of Theorem 15.21 

Suppose / : M — ► P satisfies (Al)-(A3) and has at least one S- 
point. Statement about higher homotopy groups of 0(f) is a simple 
consequence of Theorem 15.11 and (A3) . 

Indeed, choose id a/ to be a base point in S(f) and T>(M), and / to 
be a base point in 0(f). Then axiom (A3) implies that there exists an 
exact sequence of homotopy groups of the fibration p: 

■ - ■ - 7T k S(f) 7T k V(M) 7T k O(f) 7T k ^S(f) - • • • , 

where i k is induced by the inclusion i : S(f) C T>(M), and d k is the 
boundary homomorphism. 

Recall that -k{D(M) = ir^M for i > 3, and tt 2 P(M) = 0, see 
El HO]- Since by Theorem 15. II Sj d (f) is contractible, we obtain iso- 
morphisms Tr k O(f) ~ TTkT>(M) for k > 2 and also the following exact 
sequence: 

1->ttiZ>(M) -^-> 7nO(/) 7r (5(/)nX>id(M))->l, 

where ito(S(f) fl X>i d (M)) can be regarded as the kernel of the induced 
map i : 7c S(f) — > 7T P(M). 

It remains to establish the short exact sequence (15.21) for KiO(f) 
and show that Of(f) is weakly homotopy equivalent to some finite 
dimensional CW-complex. 

Proof of (15. 2p . The arguments are similar to [T8"| §9] . Recall that we 
have a homomorphism fi : n S(f) — > Aut(r(/)). Let G = /x(keri ) be 
the image of the subgroup ker i = n (S(f) nT>i d (M)) of n S(f ) under 
[A, and Jo be the kernel of the restriction of \i to ker i . Thus 

Jo := vr (ker(/i) n D id (M)) L ° mmaE51 7T (V H (A f ) H D id (M)). 
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Since J = 7r (X )N (A/)) « Z k is a free abelian group, we see that so is 
its subgroup Jq. Thus j7o ~ for some 1 > 0. 

Then we have the following commutative diagram in which all ver- 
tical and horizontal lines are exact: 







l 


1 






I 


i 


1 - 


- 7nAd(M) 


H ^ 








i 


i 


1 - 


- mVuiM) ^ 




ker(i ) 






i 


I 






G 


G 






1 


i 






1 


1 



where TC = d 1 1 (j7o). To show that the left vertical sequence coincides 
with (15. 2p we have to prove the following: 

Theorem 8.1. A short exact sequence 

(8.1) i^7nAd(M) n^Jo^i 

admits a section s : TC — > Jo such that d\ o s = idj . Since this 
sequence is a central extension, see (3) of Lemma \6.13\ it splits, so 
TL 7TiX> id (M) © 7) . 

This statement was claimed without explanations in the proof of [18, 
Th. 1.5]. But in general there are central extension that do not split. 
Therefore we will present a proof of Theorem 18. II in §TTJ Of course, 
the statement of Theorem 18 .11 is non-trivial only for the surfaces with 
7iiV id (M) 7^ or (which is equivalent) with x(M) > 0. 

To show fmiteness of homotopy dimension of Of(f) we have to calcu- 
late the homotopy type of Oj(f). The statement here is the following 
theorem 

Theorem 8.2. c.f. [18, Eq. (8.8)]. Iff satisfies (Al) and (A2), then 

S(f) n 2^(M,E,) = S id (f). 
Hence S N (f) n T>^ d (M, E/) = <S id (/) ; and thus 

7T (5 N (/)nl? i N d(A^S / ))=0. 
The proof of this theorem will be given in CLOl 
Corollary 8.3. KiOWf) = for all i > 0. 
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Proof. By (2) of Lemma EE] the map p : P N (M,£/) -> C N (/) is 
a Serre fibration. Moreover, «S^(/) = Si&(f) is contractible, and by 
LemmaEUso is V? d (M, £/). Hence ^0^/) = for all i > 2 and we 
also obtain an isomorphism 

7T X N (/) £ TTo^C/JnPjJCM.E,)) ^0, 

where 7r (5 N (/) H Py(M, £/)) is the kernel of the induced homomor- 
phism jo : 7r iS N (/) — > n V N (M,T l f) induced by the inclusion map 
j:S N (f)cV N (M,Z f ). □ 

The proof that Of(f) has the weak homotopy type of a CW-complex 
of dimension < 2n — 1 is similar to [19] . For the completeness we briefly 
recall the principal arguments. 

Let n be the total number of critical points of /, 

V n (lntM) = {(xx, . . . , x n ) | Xi e MM, x { ^ Xj for i ^ j} c f[ IntM > 

n 

and P n be the n-th symmetrical group of all permutations of n distinct 
symbols. Evidently, P n freely acts on P n (IntM) by permutations of 
coordinates. The factor space jF n (IntM) = V n (lntM) / P n is the n-th 
configuration space of the interior IntM, i.e. the space on unordered 
n-tuples of mutually distinct points of IntM. 

Then we can define the following map k : Of(f) — > jF„(IntM) as- 
sociating to every g E Of(f) the set T, g of its critical points. It can 
be shown similarly to [19] that k is a locally trivial fibration such that 
every connected component of a fiber is homeomorphic with O^(f) and 
therefore is weakly contractible. From the exact sequence of homotopy 
groups of this fibration we obtain that k is a monomorphism on 7Ti and 
isomorphism on all 7Tj for i > 2. Let J-(f) be the covering space of 
jF n (IntM) corresponding to the subgroup k{iT\0 f{f)) C 7r 1 jF„(IntM). 
Then k lifts to the map k : Of(f) — > J~(f) which induces isomor- 
phisms between all the corresponding homotopy groups and therefore 
is a homotopy equivalence. It remains to note that T{f) is a mani- 
fold (usually non-compact) and dim^-"(/) = 2n, whence it is hootopy 
equivalent to a (2n — l)-dimensional CW-complex. 

This completes Theorem 15.21 mo dulo Theorems 18.21 and 18.11 To prove 
them we have to calculate the group 7r X> N (A/). □ 

9. Group tt P n (A / ) 

In this section we calculate the group 7r P N (A/). The exposition is 
similar to [TH Th. 6.2] but we take to account N-points. 
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Let r(/) be the framed KR-graph of /. An edge e of r(/) will be 
called external, if it is either tangent to some N-point, or is incident 
either to a P- or to a <9-vertex. Otherwise, e is internal. 

Moreover, an internal edge e will be called an N-edge (resp. an S- 
edge) if at least one of its vertexes is an N-vertex (resp. both vertexes 
of e are S- vertexes). 

Suppose that / : M — > P satisfies (Al) and (A2). Let 7 be a 
regular leaf of Af, so 7 is homeomorphic to S . Denote by K 1 the 
connected component of A^ eg containing 7. Then there exists a Dehn 
twist r 7 along 7 preserving Af and being identity outside arbitrary 
small neighbourhood U 1 C of 7 consisting of full leaves of Af, 
see [TU §6] and Figure [97T1 In particular, we have that r 7 G V N (Af). 
Notice that the image of K 1 in r(/) is a certain edge e. We will say 





j T 7 

/ >- 















Figure 9.1. 

that 7 (as well as K 7 ) is internal (external) if so is e, and that r 7 is a 
twist around e. 

Now let ei, . . . , ek be all the internal edges of r(/). For each i choose 
any internal leaf 73 corresponding to and take any Dehn twist r$ G 
V N (A f ) along 7^ Put 

k 

T = U supprj. 

i=l 

Let J = (n, . . . , r k ) C V N (A f ) be a sub group generated by the internal 
Dehn twists. Since supp fl supp Tj = for i ^ j, we see that is a 
free abelian group with basis (t\, . . . , rk), so J7" ~ Z k . 

Theorem 9.1. c.f. p, Th. 6.2]. Suppose that f : M -> P satisfies 
axioms (Al) and (A2), and aas at /east one critical point of type S. 
Taen tae inclusion Q : J C. V N (Af) is a homotopy equivalence. In 
particular, we have an isomorphism 

C :J = n J^n V N (Af), 

so n V N (Af) « Z k is freely generated by the isotopy classes of internal 
Dehn twists. 

The proof is similar to [HI Th. 6.2]. It suffices to establish the fol- 
lowing statement: 
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Lemma 9.2. 1) Every h G P N (A/) is isotopic in V N (Af) to a product 
of internal Dehn twists, whence £ : J — > 7r X? N (Ay) is surjective. 

2) If h = r™ 1 o- • ■or^ lk G <Sid(f) f or some mi G Z, i/ien nij = /or a// 
i and i/ras /i = icU/, whence ( : J — > 7i V N (Af) is a monomorphism. 

Proof. First suppose that M is orientable. Let F be a vector field on 
M satisfying assumptions of Lemma mi 

Claim 9.3. For every h G V N (Af) there exists a unique C°° function 
a : M \T —>■ R fremo s/iz/t function for h with respect to F. If h is fixed 
on M \ T, then a = on M\T. 

Proof, a) Let z be an N-point of /. Then h G ker(sh z ) = Sh(F, z), so h 
has a (unique) C°° shift function <r z defined on some F-invariant closed 
neighbourhood V z of z containing no other critical points of /. We can 
assume that V z r\V z > — for z ^ z' . Then the functions o~ z define a 
unique shift function o"n for h on the following set := U V z . 

b) Since / has at least one S-point, there exists a critical component 
K of Af (that is a connected component of AJ) which is not a local 
extreme. Let z G K D Ej. Then z is an S-point of /. The assumption 

h G X> N (A/) means that h G Sh(F, z), so there exists a neighbourhood 
V z oi z and a unique C°° function a z : V z —> M. such that h(x) = 
F(x,o~ z (x)) for all x G l^. Notice that K\Hf is a disjoint union of 
intervals, these functions extend to a unique C°° function o~k defined 
on some neighbourhood V(K) of K such that h(x) = F(x,(Tk(x)) for 
all x G V(K), see [TBI Lm. 6.4]. 

We can assume that V(K) is F-invariant, so dV(K) consists of reg- 
ular leaves of Ay. 

Put Us '■= UkV(K), where K runs over all critical components of 
Af that are not local extremes. We can also assume that 

V(K) n V(K') = V(K) Pi Ufi — 

for distinct critical components K and K' . Then the functions 
define a unique shift function a$ for h on U$- 

c) Notice that the set M \ Us is a union of cylinders and 2-disks. 
Moreover, every cylinder contains no critical point of /, while every 
2-disk contains a unique critical point of / and this point is a local ex- 
treme of /. Let Bx, . . . , Bk be all the connected components of M \ Us 
having one or the following properties: either 

• Bi is a cylinder such that Bi D dM ^ 0, or 

• Bi is a 2-disk containing a P-point of /. 
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In particular, Bi n U^ = 0. Denote Uq,p = U^ =1 5j. We claim that 
as extends to a C°° function on Us U Uq^. 

Indeed, suppose Bi ~ S 1 xl is a cylinder. Then B^Us is a connected 
F-invariant neighbourhood of one of the connected components of dBi 
and this neighbourhood does not contain another component of dB^. 
So we can assume that Bi R Us = S 1 x [0, e]. Then the function as 
on 5j fl t/s extends to a C°° shift function for ft on all of Bi, see [HI 
Lm. 4.12(2)]. Denote this function by fa : B, L -> E. 

Suppose -Bj is a 2-disk containing a P-point 2. Then Yj := 5; fl £/s 
is a neighbourhood of dBi and by (1) of Lemma f4. Ill q<; extends to a 
unique C°° shift function /3, : Bi — > E for ft on all of 5j. 

Denote {/ := (7n U t/s U C^a.p- Then the functions 

a N : C/ N -> E, a s : C/ s -> E, A : B< -> E, (z = 1, . . . , k), 

define a unique C°° shift function o : Z7 — > E for ft. Notice that M\U 
is contained in the union of internal components of A^ eg . Therefore we 
can assume that in fact M\U C T, so U D M \ T. 

If ft is fixed on M \ U C T, then it follows from uniqueness of ctn, o"s 
and uniqueness of extensions fa of as to Ug t p, that a = 0. □ 

In order to complete statement 1) it remains to construct an isotopy 
of ft in V N (Af) to a diffeomorphism fixed on M\T. Let \i : M — ► [0, 1] 
be a C°° function constant on leaves of A/ and such that /j = 1 on 
some neighbourhood of U. Define the following map: 

H : M x / -> M, if t (a;) = F(x, t • • <r h (z)). 

Then if is C°°, ifo — kljvf, and Hi = h on some neighbourhood of £/, 
see for details [T5| Lemma 4.14]. In particular, every H t G P N (Aj). 
Hence the following isotopy G t = ft o deforms Go = ft in V N (Af) 
to a diffeomorphism G\ fixed on some neighbourhood of U. In other 
words suppGi C T, whence G\ is isotopic in V N (Af) to a product of 
some internal Dehn twists. 

2) Let ft = r™ 1 o • • • o r^ k G Sia(f). We have to show that m 8 = 
for all i — 1, . . . , k. For each z let t/j be a cylinder neighbourhood of 7« 
containing suppTj, see Figure I9~T1 Then ft]^ = rf 1 *]^. 

Since ft G Sa(f) and / has at least one S-point, it follows from (iv) 
of Lemma mi that there exists a unique C°° shift function a : M — > E 
for ft, so ft(x) = F(x, a(x)) for all x G M. Therefore an isotopy of ft, to 
idjv/ in X )N (A/) can be given by h t (x) = F(x,ta(x)), (t G I). 

On the other hand by Claim [9731 there exists a unique C°° function 
a : M — > E being shift function for h on M \T, whence a = a on 
M \ T. Moreover, as ft is fixed on M \ T, we have that a = a = 
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on M \ T. Hence h t is fixed on M \ T for all t G I. This implies that 
h\jj. = r^lui is isotopic to id^ relatively some neighbourhood of dUi. 
But this is possible if and only if = 0. This proves Theorem 19. II for 
orient able case. 

Suppose M is non-orientable. Let p : M — > M be the oriented 
double covering of M, and £ be p-equivariant involution of M. Then 
we have a function f = f o p : M — > P. Since every internal leaf 7, is 
two-sided, it follows that p _1 (7i) consists of two connected components 
7ii and 7^ being internal leafs of the foliation A j of /. Then there are 

Dehn twists rji,r i2 G T? N (Aj) along 7^ and 7^ respectively such that 
T i2 = £ r ii £ and Tj := r i2 o m is a lifting of 77 Evidently, each 77,- is 
internal, and by the oriented case the group ttqV n (Aj) is generated by 
Tij for i — 1, . . . , k and j = 1, 2. 

Consider the subgroup T> N (Aj) of D N (Aj) consisting of symmetric 
h, i.e. h o £ = £ o h. Then similarly to [18, Claim 6.5.1] it can be 
shown that the isotopy classes of 77 (i — 1, . . . , k) generate 7roP N (Aj), 
whence 7r P N (Aj) « Z k . Moreover, it follows from (ix) of Lemma [T751 
that there is a natural homeomorphism between D N (Aj) and D N (Aj). 

Hence 7r X )N (A/) rs Z k and this group is generated by the isotopy 
classes of internal Dehn twists. Theorem 19. II is completed. □ 

9.4. Action of J on i?i(M, £/). Let J7n and J7~s be the subgroups 
of generated by internal N-twists and S-twists respectively. Evi- 
dently, J = Jn® Js- Notice that J naturally acts on the first relative 
homology group H\{M, Ej) with integer coefficients. Let v : J — ► 
Aut(ifi(M, £/)) be the corresponding homomorphism. 

Lemma 9.5. If M is orientable, then ker(v) = J7n- 

Proof. Evidently, every N-internal Dehn twist r G J7n is isotopic to idjw 
relatively to £/, so ker(z/) D J7n- 

To prove the converse inclusion consider an intersection form (•, •) 
on H\(M, £/). Evidently, the action of Js on Hi(M, £/) is given by 




i=l 



i=l 



see also [TBI Eq. (6.1)]. Notice that S-internal curves represent linearly 
independent cycles in Hi(M, £/). This implies that v\j s is a monomor- 
phism, so ker(i/) = J7n- □ 
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10. Proof of Theorem 18.21 

We have to show that S(f) n £>^(M, E f ) = S id (f). By LemmaElO] 
S(f)nV? d (M,Z f ) =X? N (A / )rYP i N d (M, E f ), moreover V&{A f ) =S id (f). 
Hence it suffices to prove the following proposition: 

Proposition 10.1. c.f. [TBI Pr. 8.5] V n (A f) D X>^ (M, E /) = D^A/). 

Proo/. Evidently, 2? N (A/) nZ>£(M, £/) D X^A/). 

Conversely let /i G £> N (A/) nDf d (M, £/). Then by Theorem EH ft, is 
isotopic in D N (Aj) to some ft' G JT, whence we can assume that h G J 
itself. Write h = hu ° hs, where h N G Ju and /is £ Js- We have to 
show that h$ = h[4 = id.M ■ 

Proof that h$ = idjv/. If M is orientable, then by Lemma [9751 ft 
trivially acts on Hi(M, E/), i.e. ft G ker(z/) = ftpj. Hence Js = idjw- 

Suppose M is non-orient able. Then hs lifts to a diffeomorphism 

ft s G P^AjjnP^M^) c ^(AjjnD^M.Sj) 

of the oriented double covering M of M. By the orientable case we 
have that ft$ = id^, whence h$ = id-M as well. 

Proof that h N = id^f. Let r 1; ...,r v be the internal Dehn twists 
generating J7~n, so we can write ft N = t™ 1 o t™ v for some m ; G Z. 
Then supp Tj is contained in some closed 2-disk Sj C M which in turn 
contains a unique critical point Zi of / being an N-point and such that 

SUpp T{ fl (Zi U <9-E>j) = 0. 

Claim 10.2. There exists an isotopy h t : M — > M between ft = id.M 

V 

and ft-! = /im /iiced on some neighbourhood of U {-^j. Hence nij = 
/or a// i ; and t/iws ft,N = idM- 

Proof. Let /i f : M -> M be a 1-isotopy between ft = idA/ and ft,! = h^ 
in P id (M, Ej). Then J Zi {ht) continuously depends on t for each i. 

There exists another isotopy h' t between h = id^,/ and hi = ft N in 
X? id (M, Ej) sitc/i that J Zi (h' t ) = id /or all t G / and z = 1, . . . , v. 

Indeed, if Zi is an NZ-point, then the set of possible values for J Zi {ht) 
is finite, whence J Zi {ht) = J Zi (h ) = id, so there is nothing to do. 

Suppose Zi is an NN-point. Then in some local coordinates at Zi in 
which VF(z) = ( [j q ) we have that 

where A : / — > 1R is a continuous function with A(0) = A(l) = 0. Then 
there exists a 1-isotopy gt : M — > M fixed outside some neighbourhood 
of E^ and such that g = gi = id M , gt(zi) = z h and J Zi (g t ) = J Zt {ht) 



40 



SERGIY MAKSYMENKO 



for all t G / and i = 1, . . . , v. Such an isotopy (g t ) can be constructed 
by introducing a parameter in [28, Lm. 5.4]. 

Evidently, the isotopy h' t = g^ o h t deforms id.M to h in V^ A (M, E/) 
and satisfies J Zi {h t ) = id. 

Now similarly to the proof of [28, Lm. 5.2] we can change h' t to an- 
other isotopy h" between i&m and such that h" is fixed on some 

V 

neighbourhood V of U {^} for each t E I. Then (h") satisfies the 
statement of Claim [TuT2l □ 

Proposition IIP. II and therefore Theorem 18.21 are completed. □ 

11. Proof of Theorem 18. II 

As noted above, we have to prove our theorem only for the case 
X {M) > 0. 

Let {g a }a£A be any set of generators for J . For each a G A let 
uj a : I — > I\i(M) be a path such that u a (0) = idjvf and uj a {l) = g a , see 
Figure fTTTTk ) . Since g a G Jq C S(f), we see that the map v : I —> O(f) 
defined by u{t) — f o u a (t) is a loop, i.e. z/(0) = u{\) = f. 




a) Paths uj,i b) A path k, 



Figure 11.1. 

Let also T be a free group generated by symbols {g a }aeA- Then there 
exists a unique epimorphism r\ : T Jq such that r](g a ) = g a , and a 
unique homomorphism ip : JF — > n 1 0(f) defined by ip(g a ) — [f ° u a ] 
for all a G A. Moreover we have the following commutative diagram: 




T~C . ^ Jo 

di 

Evidently, if kerr] C keYip, then di admits a section s : Jq — > TC, 
whence 7i ~ niD^M) x J7o- Thus for the proof of Theorem 18. II we 
have to find conditions when kerr) C keri/j. 
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First we present exact formulas for ip. Let h = (g\ 



\S1 



where G Z. Put h = rj(h) = 
path K h : [0, a] V ld (M) by 



9? 



:ii.v, 



g^ou 2 (t-iy 



^o^o«3(f-2^ 



■ (?a a G J7o and define the following 



te [0,1], 
te [1,2], 
t e [2,3], 



Ui 1 o • • ■ o 9aSi o u a (t - a + te[a-l,a], 

see Figure [TTTTb ). Evidently, «^(0) = id M and «^(1) = G Jo C 
Hence the map : I — > 0(f) defined by v^if) — f o K^(i) is a loop. 
Then it is easy to see that ip{h) = [v^\. 

Suppose h G ker?7, so h = T](h) = idj^. Then n~ h is a loop in D id (M). 

Lemma 11.1. Let {g a } a £A be a set of generators for j7o, T be a free 
group generated by symbols {g a }aeA, and H = {hp}p e B C T be the 
subset whose normal closure coincides with ker rj, so 

J® — ( {da}aeA I {hp}peB ) 

is a presentation for J$. For each a G A take a path u a : I —>■ T> id (M) 
such that 0*0,(0) = id^/ and to a (l) = g a . Then each of the following 
conditions implies that ker rj C ker-^. 

1) For each (3 G B the loop zs null-homotopic in V id (M). 

2) There exists a subset Q C M consisting of k > x{M) points and 
such that uj a (t) is fixed on Q for all a E A and t G / . 

Proof. Statement 1) is trivial. 

2) Let xi, . . . , Xfe G Q be A; distinct points, V(M, k) be the group of 
diffeomorphisms of M that fix each of these points, and X> id (M, fc) be 
the identity path component of P(M, fc). Then for each hp the loop 
is contained in V id (M,k). Since x(^0 < it follows that 2\i(M, fc) 
is contractible, whence k;^ is null-homotopic in T> id (M, fc) C X>i d (M). 

Therefore ip(hp) — [f o ] is null-homotopic in TC, so /1/3 G ker-0. □ 

Thus for the proof of Theorem 18. II it suffices to show that for ev- 
ery surface M with x{M) > one of the conditions (1) or (@) of 
Lemma fl 1.11 is satisfied. 

Lemma 11.2. Suppose M is one of the surfaces S 2 , MP 2 , D 2 , Mo 
or S 1 x I. Then there exists even infinite subset Q C M such that 
every internal Dehn twist is fixed on Q and isotopic to id^ relatively 
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Q. In particular, so does every h G Jq, whence by 2) of Lemma \ll.l\ 
ker rj C ker if) . 

Proof. Suppose M is either 2-disk D 2 or Mobius band Mo, or a cylinder 
S 1 x /. Put Q = dM if M is either L> 2 or Mo, and Q = S 1 x if 
M = S 1 x I. Then every internal Dehn twist is fixed near Q and is 
isotopic to idAf relatively to Q, see e.g. PQ, [9j Th. 3.4 & 5.2], [37] . 

Let M be either 2-sphere S 2 or a projective plane MP 2 . In this case / 
always has a local extreme. Denote this point by z and let Q C M \ T 
be a closed neighbourhood of 2 diffeomorphic to 2-disk. Then M \ Q is 
either a 2-disk (if M = S" 2 ) or a Mobius band (if M = MP 2 ). Moreover, 
every internal Dehn twist r is fixed on some neighbourhood of Q. Hence 
r is isotopic to the identity relatively Q. □ 

Lemma 11.3. Let M be either a 1-torus T 2 or a Klein bottle K. Sup- 
pose that every internal leaf^i, (i — 1, . . . , k), separates M. Then there 
exists a subset Q C M satisfying 2) of Lemma ll 1 . 1\ 

Proof. Let Ui be an open neighbourhood of ji diffeomorphic to S 1 x 
(0, 1) such that dUi consists of two regular leafs of A/ and supp Tj C [/i. 
Since ji separates M, it follows that M \ C/j consists of two connected 
components i?j and Cj. Moreover, as M is either a 2-torus T 2 or a 
Klein bottle K, we have that one of the components, say Bi, is either 
a 2-disk or a Mobius band. 

a) Suppose B\ is a Mobius band. Then M is a Klein bottle, and C\ 
as well as C\ U U\ are Mobius bands. Put Q = dU\ fl B\. Then Q is 
a simple closed curve "parallel" to 71 and also separating M into two 
Mobius bands. Moreover, every internal Dehn twist Tj is fixed on some 
neighbourhood Q, and therefore it is isotopic to id^ relatively Q. 

b) Suppose that neither of Bi or Ci is a Mobius band. Then B^ is a 
2-disk. Renumbering 7j (if necessary) we can assume that there exists 
r G {1, . . . , k} such that 

• if i = 1, . . . , r, then Bi is not contained in any of Bj for j = 
1, . . . , k, and j ^ i, so Bi is "maximal" ; 

• for j = r + 1, . . . , k every Bj is contained in some Bi for i = 
l,...,r. 

Put 

(11.2) Q := fl Ci = n M \ (A U Ui) = M\h{BiUUi). 

1=1 1=1 1=1 

Then Q is connected as a complement to a disjoint union of closed 
2-disks on a connected surface. It is also easy to see that Q does not 
contain any internal curve. Indeed, suppose jj C Q. Since jj C Uj, we 
obtain from (111.21) that j G {r + 1, . . . , k}, whence Bj C -Bj for some 
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i = 1, . . . , r. On the other hand 7, separates Q into two non-empty 
components Dj and D'- such that one of them, say Dj, is contained in 
By Hence Dj C Bj C -Bj C M\Q which contradicts to the assumption 
that Dj C Q. 

Thus Q contains no internal curves and therefore every Tj is fixed on 
some neighbourhood of Q. As M\Q is a union of 2-disks, we see that g 
is isotopic to the identity relatively Q. Hence so does every g G Jq. □ 

Lemma 11.4. Let M be either a 2-torus T 2 or a Klein bottle K. Sup- 
pose that 71 does not separate M. 

(i) If M is a 2-torus T 2 , then there exists a subset Q satisfying 2) 
of Lemma \ll.l\ whence ker?7 C ker?/>. 

(ii) If M is a Klein bottle K, then ker rj C ker r/> as we//. 

Proof. Since all 7$ are mutually disjoint simple closed curves on a 2- 
torus or a Klein bottle, we can assume that for some a = 1, . . . , k the 
curves 71, . . . , 7 a are non-separating and isotopic each other, while each 
of 7a+i, • • • , 7k separate M so that one of the components of M \ 7$ is 
a 2-disk. It follows that Tj is isotopic to T\ for % — 1, . . . , a, and to idM 
for i — a + 1, • • • , k. 

Let Q be a regular leaf of contained in [/i\supp r 1; see Figure [TL2l 
Then every Tj is fixed on some neighbourhood of Q in U\ \ supp ri. 

Now let h G j7"o- Thus h = r^ 1 o • • • o r l a a o r* 1 ^ 1 o • • • o r^ k for some 
ij G Z and /i is isotopic to id^ • Put d = %\ + ■ • • + i a . Since M \ Q is 
a cylinder, we see that h is isotopic to rf relatively to Q. 

(i) Suppose M is a 2-torus T 2 . As h is isotopic to id^a, we have that 
d — 0, whence rf (and thus ft, itself) is isotopic to id^a relatively to Q. 

(ii) Let M be a Klein bottle K. It is well known that t 2 is isotopic 
to id]K, see [TU Lm. 5]. Moreover, we can assume Q is invariant (but 
not fixed!) under such an isotopy, see Figure [Tl.21 Since h is isotopic 
to idic, we obtain that d is even and h is also isotopic to ids via an 
isotopy which leaves Q invariant. 




Figure 11.2. Isotopy of rf to id K 
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Let {g a } a (zA be a set of generators for Jj , T be a free group generated 
by symbols {g a }aeA, and H = {hp}f3 eB C T be the subset whose 
normal closure coincides with kerr?. By the previous arguments for 
each g a there exists a path uj a : I — > 2\i(K) between ids and g a such 
that to , Q ,(t)(<5) = Q for all a e A and tel. 

Let (3 e B and : 7 — > X>id(K) be the corresponding loop in 
Did(K). Then K hfj (t)(Q) = Q for all t e J as well. Now it is easy to 
see that is null-homotopic, so the assumption (2) of Lemma fl 1.1 1 
holds. 

Indeed, let a C IK be a simple closed curve shown in Figure [11.21 
Then K \ o consists of two Mobius bands. It is well-known that 
7Ti2?id(K) = Z and this group is generated by the isotopy which ro- 
tates K twice along a, see e.g. [10]. In particular, if k : I — > X>id(K) 
is a loop being not null-homotopic, then n(t)(Q) ^ Q for some tel. 
Therefore is null-homotopic for all hp £ kerr?. □ 



References 

1. J. W. Alexander, On the deformation ofn-cell, Proc. Nat. Acad. Sci. U.S.A. 9 
(1923), no. 12, 406-407. 

2. V. I. Arnol'd, S. M. Gusem-Zade, and A. N. Varchenko, Singularities of differ- 
entiate maps. Vol. I, Monographs in Mathematics, vol. 82, Birkhauser Boston 
Inc., Boston, MA, 1985, The classification of critical points, caustics and wave 
fronts, Translated from the Russian by Ian Porteous and Mark Reynolds. 
MR MR777682 (86f:58018) 

3. A. V. Bolsinov and A. T. Fomenko, Vvedenie v topologiyu integriruemykh 
gamiltonovykh sistem (introduction to the topology of integrable hamiltonian 
systems), "Nauka", Moscow, 1997 (Russian). MR MR1664068 (2000g:37079) 

4. A. V. Bolsinov, S. V. Matveev, and A. T. Fomenko, Topological classification of 
integrable Hamiltonian systems with two degrees of freedom. A list of systems 
of small complexity, Uspekhi Mat. Nauk 45 (1990), no. 2(272), 49-77, 240. 
MR MR1069348 (91j:58056) 

5. E. N. Dancer, Degenerate critical points, homotopy indices and Morse in- 
equalities. II, J. Reine Angew. Math. 382 (1987), 145-164. MR MR921169 
(89h:58038) 

6. C. J. Earle and J. Eclls, The diffeomorphism group of a compact Riemann 
surface, Bull. Amer. Math. Soc. 73 (1967), 557-559. MR MR0212840 (35 
#3705) 

7. , A fibre bundle description of teichmuller theory, J. Differential Geom- 
etry 3 (1969), 19-43. MR MR0276999 (43 #2737a) 

8. C. J. Earle and A. Schatz, Teichmuller theory for surfaces with boundary, J. 
Differential Geometry 4 (1970), 169-185. MR MR0277000 (43 #2737b) 

9. D. B. A. Epstein, Curves on 2-manifolds and isotopies, Acta Math. 115 (1966), 
83-107. MR MR0214087 (35 #4938) 



FUNCTIONS WITH ISOLATED SINGULARITIES ON SURFACES 



45 



10. Andre Gramain, Le type d'homotopie du groupe des diffeomorphismes 
d'une surface compacte, Ann. Sci. Ecole Norm. Sup. (4) 6 (1973), 53-66. 
MR MR0326773 (48 #5116) 

11. O. A. Kadubovs'kii, Topological equivalence of functions on oriented surfaces, 
Ukrai'n. Mat. Zh. 58 (2006), no. 3, 343-351. MR MR2271974 (2007g:58048) 

12. A. S. Kronrod, On functions of two variables, Uspehi Matem. Nauk (N.S.) 5 
(1950), no. 1(35), 24-134. MR MR0034826 (11,648c) 

13. E. A. Kudryavtseva, Realization of smooth functions on surfaces as height func- 
tions, Mat. Sb. 190 (1999), no. 3, 29-88. MR MR1700994 (2000f:57040) 

14. W. B. R. Lickorish, Homeomorphisms of non-orientable two-manifolds, Proc. 
Cambridge Philos. Soc. 59 (1963), 307-317. MR MR0145498 (26 #3029) 

15. Sergey Maksymenko, Path-components of Morse mappings spaces of sur- 
faces, Comment. Math. Helv. 80 (2005), no. 3, 655-690. MR MR2165207 
(2006f:57028) 

16. Sergiy Maksymenko, Smooth shifts along trajectories of flows, Topology Appl. 
130 (2003), no. 2, 183-204. MR MR1973397 (2005d:37035) 

17. , Hamiltonian vector fields of homogeneous polynomials in two variables, 

Pr. Inst. Mat. Nats. Akad. Nauk Ukr. Mat. Zastos. 3 (2006), no. 3, 269-308, 
arXiv:math/0709.2511. 

18. , Homotopy types of stabilizers and orbits of Morse functions on sur- 
faces, Ann. Global Anal. Geom. 29 (2006), no. 3, 241-285. MR MR2248072 
(2007k:57067) 

19. , Homotopy dimension of orbits of Morse functions on surfaces, Travaux 

Mathematiques 18 (2008), 39-44. 

20. , Connected components of partition preserving diffeomorphisms, Meth- 
ods Funct. Anal. Topology 15 (2009), no. 3, 264-279. 

21. , Functions with homogeneous singularities on surfaces, DopovT dl Nats. 

Akad. Nauk Ukra'iny 8 (2009), 20-23 (Ukrainian). 

22. , Image of a shift map along the oribts of a flow, submitted (2009), 

arXiv:math/0902.2418. 

23. , co-jets of diffeomorphisms preserving orbits of vector fields, Cent. Eur. 

J. Math. 7 (2009), no. 2, 272-298. 

24. , Local inverses of shift maps along orbits of flows, submitted (2009), 

arXiv:math/0806 .1502. 

25. , Symmetries of center singularities of plane vector fields, to appear in 

Nonlinear Oscilations (2009), arXiv:math/0907.0359. 

26. , Symmetries of degenerate center singularities of plane vector fields, to 

appear in Nonlinear Oscilations (2009), arXiv:math/0907.0737. 

27. A. A. Oshcmkov, Morse functions on two-dimensional surfaces. Coding of sin- 
gularities, Trudy Mat. Inst. Stcklov. 205 (1994), no. Novye Rezult. v Teor. 
Topol. Klassif. Intcgr. Sistcm, 131-140. MR MR1428674 (97m:57045) 

28. Richard S. Palais, Natural operations on differential forms, Trans. Amcr. Math. 
Soc. 92 (1959), 125-141. MR MR0116352 (22 #7140) 

29. Jacob Palis, Jr. and Welington de Melo, Geometric theory of dynamical sys- 
tems, Springer- Verlag, New York, 1982, An introduction, Translated from the 
Portuguese by A. K. Manning. MR MR669541 (84a:58004) 



46 



SERGIY MAKSYMENKO 



30. Valentin Poenaru, Un theoreme des fonctions implicites pour les espaces 
d' applications C°°, Inst. Hautes Etudes Sci. Publ. Math. (1970), no. 38, 93-124. 
MR MR0474375 (57 #14017) 

31. A. O. Prishlyak, Conjugacy of Morse functions on surfaces with values on the 
line and circle, Ukrai'n. Mat. Zh. 52 (2000), no. 10, 1421 1425. MR MR1830673 
(2002b:57040) 

32. , Morse functions with finite number of singularities on a plane, Methods 

Funct. Anal. Topology 8 (2002), no. 1, 75-78. MR MR1903131 (2003g:57053) 

33. , Topological equivalence of smooth functions with isolated critical 

points on a closed surface, Topology Appl. 119 (2002), no. 3, 257-267. 
MR MR1888671 (2003f:57059) 

34. Francis Sergeraert, Un theoreme de fonctions implicites sur certains espaces 
de Frechet et quelques applications, Ann. Sci. Ecole Norm. Sup. (4) 5 (1972), 
599-660. MR MR0418140 (54 #6182) 

35. V. V. Sharko, Smooth and topological equivalence of functions on surfaces, 
Ukrai'n. Mat. Zh. 55 (2003), no. 5, 687-700. MR MR2071708 (2005f:58075) 

36. , Smooth functions on non-compact surfaces, Pr. Inst. Mat. Nats. Akad. 

Nauk Ukr. Mat. Zastos. 3 (2006), no. 3, 443-473, arXiv:math/0709.2511. 

37. Stephen Smale, Diffeomorphisms of the 1-sphere, Proc. Amcr. Math. Soc. 10 
(1959), 621-626. MR MR0112149 (22 #3004) 

38. Floris Takens, Normal forms for certain singularities of vectorfields, Ann. 
Inst. Fourier (Grenoble) 23 (1973), no. 2, 163-195, Colloque International sur 
l'Analyse et la Topologic Diffcrcnticllc (Colloqucs Internationaux du Centre 
National de la Recherche Scientifique, Strasbourg, 1972). MR MR0365620 (51 
#1872) 

39. I. Yurchuk, Topological classification of functions from class F(D 2 ), Pr. Inst. 
Mat. Nats. Akad. Nauk Ukr. Mat. Zastos. 3 (2006), no. 3, 474-486 (Ukrainian). 

Topology dept., Institute of Mathematics of NAS of Ukraine, Te- 

RESHCHENKIVSKA ST. 3, KYIV, 01601 UKRAINE 

E-mail address: maks@imath.kiev.ua 
URL: http: //www. imath.kiev.ua/~maks 



